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The purpose of this note is to motivate the need for a new concept of balancing
which is particularly suitable for identification based control.

Balanced realizations have very interesting properties and are particularly
useful for model reduction. However the direct identification of reduced order
models that have been obtained from a balanced realization is still an open
problem. Progress to couple balancing and identification for the full order
modell has been made possible by the Ober-parametrization and its exten-
sions (cf. [10, 9, 6, 8]). The main feature of this parametrization from the
identification point of view is that the parameter space is the positive orthant
(except for a number of structural parameters which identify a local chart),
and thus the truncation or resetting mechanism that is to be used in a recursive
estimation scheme is very simple. 1t should be noted that using continuous-
time identification methods, the Ober-parametrization is directly identifiable,
and the bilinear transformation to couple discrete and continuous time models
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can be avoided. Balanced realizations have interesting sensitivity minimization
properties (cf [7]), but these seem to be counterproductive from the identifi-
cation point of view. In this paper we present a criterion against which the
goodness of the Ober-parametrization can be evaluated and the need for a new
concept of balanced parametrization is introduced. This criterion is obtained
by considerations related to the theory of stochastic complexity. Similar ideas
in another context were given in [8], where the need for scaling and precon-
ditioning of the data are mentioned. An important technical component of
the theory of stochastic complezity is the analysis of the effect of parameter
uncertainty on prediction (cf. [11, 4, 2]). We shall quote a key result of [4] in
a sightly more general form as follows: let (y.) be a second order stationary
process , given by the state space system:

Ingr = A(0%)z, + B(8)e,
Yn = C(0)z, +en (LSS)

which is assumed to be stable and inverse stable. Thus (e,) is the innovation
process of (y,), @ = o*(e). Assume that (e,) is L-mixing (cf. [4]), and assume
that the parametrization of the system matrices is smooth and identifiable, and
let k = dim 6°. For any assumed value 8 of 6 in a feasible domain we can
invert the above system and get an estimated innovation sequence €a(8). Let
the prediction error estimator of 6 based on ¥,...,yn be 8,. For a rigorous
definition of it cf. [3]. Then we have the following result:

Theorem 1 We have
B(e(Bucr) = €2) = =1 + (1))

The proof of the theorem is more relevant for the present paper than the
statement itself. The main idea is to approximate the left hand side by

By ~ ) (0" ) (0)Bucs = 07) = ST (R,
where
T* = Eegn(8° )l (07), R =E(f - 0" )0y — 6°)7.
Here the weak dependence of €4,(6*) and (6.,_1 — @) is exploited. The matrix
T* is a second order sensitivity matrix, while (R*)™" is the covariance matrix of
the estimator. Obviously the accuracy or quality of the prediction will depend

on the condition numbers and relative magnitude of T and R*, which in turn
depend on the parametrization of the system.
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A similar result has recently been obtained for certain linear stochastic control
systems. Let us consider
Ay=q'bute

where deg A* = p. The minimum variance controller of this system is obtained
by

P
Up = — Z kjyn-ivr, ki =—aifb}.
i=1
With this controller we get y,, = e,. The Astrdm-Wittenmark regulator (c.f.
[1] or [12]) generates recursive estimators of k] which is then applied in the
control loop. Thus we get an output process (y,) which is slightly different
from (ey).

Theorem 2 Under suitable technical conditions we have

E(u2 - e2) = *(e)2(1 + o(1).

Again the left hand side can be approximated by an expression o*TrT*(R*)1,
2

7% . . .
where T™ = Ewyz(o). Here y(0) is the output that we get by the minimum
variance controller, assuming 0 to be the true parameter, and R* is the esti-
mation covariance matrix. Similar theorems can be proved for nonstandard
parametrizations, but then we get different T* and R*.

The situation is more dramatic for continuous time systems. The effect of
parameter uncertainty onto prediction say 7-time ahead in the context of con-
tinuous time models and continuous time identification can be given by a trace

formula lTrT‘(R‘)'l just as in Theorem 1 (cf. [5]). However, if we solve the

problem 'of prediction by fitting a discrete-time model to our data and then
performing a (7/h)-step-ahead prediction using estimated discrete-time pa-
rameters, then (K*)~" and 7" will be replaced by h*(R*)~" and AT, which
results in erfreme numerical sensitivity when computing the predictor. We
conclude that continuous time modelling and parametrization is to be pre-
ferred for high accuracy prediction of continuous-time processes. Going back
to our first example the above considerations lead us to the following:

Definition A parametrization of (LSS) is called sensitivity~identifiability bal-
ancedif B> =T* = ol.

The existence of such parametrizations is an open question. From the practical
point of view approximate balancing would be satislactory.
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