DIFFEOMORPHISMS BETWEEN SETS OF LINEAR
SYSTEMS

R. OBER* AND P. A. FUHRMANN!

Abstract. Diffeomorphisms are given between different subsets of linear systems of
fixed McMillan degree. The sets considered are the set of all systems of fixed McMillan
degree, the subset of stable systems, the subset of bounded real systems, the subset of
positive real systems, the subset of stable systems with Hankel singular values bounded
by one. State space techniques are used in the proofs.

1. Introduction. In such areas as system identification, time series
analysis or controller design by parameter optimization, often a nonlin-
ear search has to be performed over a specific set of linear systems of
fixed McMillan degree. It is therefore important to have knowledge of
the structure of such classes of systems. This motivated Brockett [2] to
study the topology of the set of single-input single-output linear systems
of fixed McMillan degree n. He proved that this set has n + 1 connected
components. Glover [9] showed that in the multivariable situation there
is however only one connected component. The same result was estab-
lished by Hanzon [12] and independently by Ober [19] for the sub-class of
(asymptotically) stable systems of McMillan degree n. Results of this type
suggested that there might be a close connection between these two classes
of systems. Helmke [15] then showed that these two classes are homeomor-
phic, and Hanzon [13] used a different approach to show that they are in
fact diffeomorphic.

Using different types of balanced realizations, Ober [19], [21] and Ober
and McFarlane [20] derived canonical forms for several classes of linear
systems of fixed McMillan degree: stable, positive real, bounded real, min-
imum phase and systems without constraints. An interesting aspect of
these canonical forms is that they have a remarkably similar structure.
This gave further evidence that there should be a strong relationship be-
tween these classes of systems. In Ober [20] it was moreover shown that
all these sets of systems have identical numbers of connected components.

In this paper we will establish new diffeomorphisms between sets of sys-
tems. The diffeomorphism between the set of all systems of fixed McMillan
degree and the subset of stable systems is motivated by a map that was
studied in much detail in Fuhrmann-Ober [8] and by some state space for-
mulae in Glover-McFarlane [10]. The other diffeomorphisms studied in this
paper are in fact adaptations of this map. These maps also explain to a
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great extent why the canonical forms for the different classes of systems in
Ober [21] have such a similar structure.

For single-input single-output systems it was shown in Ober [21] that
each minimal, or stable, or bounded real or positive real system can be
parametrized by a set of standard parameters:
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k
Nl .o, N, ..., N njEN, Y=
Sy ey 8jyeeey Sk si=41, 1<i<k;
bl,a(l)l,.-..,cx(l),-,...,a(l)m_l, b >0, a(l)j >0,1<j<n;1 -1

bi,a()y,...,a(d)j,...,a(Dn;~1, >0, afi); >0, 1<j<n;—1;

br, a(k)1, . ..,a(k)j,...,a(k),,k__l, by > 0, a(lc)j >0,1<j<n—1;
d deR

In particular each system in one of the classes of systems has a unique
representation, a canonical form, in terms of following ‘standard system’.

The standard system (A, b, c,d) is then given by
L b= (b,0,...,0,...,0;,0,...,0,...,5,0, ..,O)T,
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For the case of stable systems we have the following canonical form
(Ober [18]). We call a minimal system stable if all its poles are in the open
left half plane.

THEOREM 1.1. The following two statements are equivalent:

(i) 9(s) is the transfer function of a stable minimal system over R of
McMillan degree n.

(i) g(s) has a standard n-dimensional realization (A,b,c,d) given by a
standard set of parameters such that

—b;b;
ajj = ————t—,
d 8is;0; + oj

Moreover, the map which assigns to each stable minimal system the real-
ization in (ii) is a canonical form.

The canonical form presented in the previous theorem is in the form
of a Lyapunov balanced realization (Moore [17]).

DEFINITION 1.2. A stable minimal system (A, B,C, D) is called Lya-
punov balanced if

AY 4+ TA* = -BB*,

A'X+EZA=-C*C,

with ¥ = diag(o11n,,021n,,...,0kl,,), 01 > 03 > -+ > a3 > 0. The
matriz ¥ is called the Lyapunov grammian of the system.

The canonical form quoted in the previous theorem is Lyapunov bal-
anced with Lyapunov grammian ¥ = diag(o11,,,021n,,-..,0tl,,). An-
other interesting property of the canonical form is that it is sign-symmetric.
Indeed if

T S= diag(slfm,...,s_,-fnj,...,skfnk),
where I, = diag(+1,—1,+1,...,(~1)"+1) € Rr5*ni j=1 ... k, then
A=8A4TS, T =Sb.

It should also be noted that the Cauchy index of a system is given by
trace(S) (see Anderson [1]).

In Section 2 we introduce a map, the so-called L-characteristic, that
maps not necessarily stable minimal systems to stable minimal systems of
the same McMillan degree. It will be shown that this characteristic map
1s in fact a bijection between the set of minimal systems of fixed McMillan
degree and its subset of all stable minimal systems. This map will also be
analyzed from the point of view LQG-balanced realizations and Lyapunov
realizations. Sections 3-5 contain the analogous analyzes for bounded real
systems, positive real systems and antistable systems. Finally in Section 6
it is shown that the bijections are in fact diffeornorphisms.
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2. Minimal systems. The aim of this section is to establish a bijec-
tion between the set of minimal systems of dimension n and the set of all
stable minimal systems of dimension n. Note that we mean by a stable
system a system whose poles are all in the open left half plane. This bijec-
tion which we call the L-characteristic map is in fact a map that occurred
implicitly in the work by Glover and McFarlane [10] and was analyzed from
an operator theoretic point of view in Fuhrmann and Ober [8].

To simplify presentation we introduce the notation,

AL :=A-B(I+D'D)"'D*C,
for a given linear system (A4, B, C, D). Note that Ay = A if D = 0.
‘é, IB) ) be a minimal system. Let Y be the

stabilizing solution of the Riccati equation

0=A;Y +YAL - YB(I+D*D)"'B*Y + C*(I + DD*)"'C,

DEFINITION 2.1. Let

i.e. AL—B(I+D*D)"1B*Y is stable, and let Z be the stabilizing solution
to the Riccati equation

0=ArZ+ZA} - ZC*(I1+DD*)"'CZ + B(I + D* D)™ B",

i.e. AL — ZC*(I+ DD*)~1C is stable.
Then the system

u((o15) = (o marant 52

15 called the L-characteristic of the system ( é g )

The following relationships are due to Bucy [3]. Since the reference is
difficult to find we give a short proof.

LEMMA 2.2 (BUCY RELATIONSHIPS). Let ( é g ) be ¢ minimal

system. LetY be a solution of the Riccati equation

0= ALY +YAr —YB(I +D'D)'B'Y + C*(I + DD*)71C,
and let Z be a solution of the Riccati equation

0=ALZ + ZA}, — ZC*(I+ DD*)"*CZ + B(I + D* D)~ B,
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then
[I+ZY](Ar — B(I+D*D)™'B*Y) = (A - ZC*(I+ DD*)~'C)[I + ZY].
Proof. Consider the two Riccati equations,
0=ALY +Y AL ~YB(I+D'D)™'B'Y +C*(I+ DD*)™'C,
and
0=ALZ+ZA} —ZC*(I+DD*)"CZ + B(I + D*D)"'B".

Multiplying the first equation on the left by Z and the second equation on
the right by Y, equating both equations and adding Ay to both sides we
obtain

AL+ ZALY + ZYAL - ZYB(I + D*D)"'B*'Y + ZC*(I + DD*)~'C

=AL+ALZY + ZALY ~ ZC*(I1 + DD*)"'CZY + B(I + D*D)"'B*Y.
Canceling the term ZA}Y from either side and collecting terms, we obtain
[I+ZY)(AL—B(I+D*D)"'B*Y) = (AL -ZC*(I+DD*)"'C)[I + ZY].

0
As a consequence of the Bucy relationships we can rewrite the L-
characteristic of a system as follows,

w((615) =

( [I+2Y]~}(AL — ZC*(I + DD*)"'C)[I + ZY)) | B(I + D* D)~/ )
(I+ DD*)"2C(I + 2Y) } D :

The following Lemma shows that the L-characteristic map maps a sys-
tem with no stability assumptions to a stable system of the same McMillan
degree.

LEMMA 2.3. The L-characteristic of a minimal system is stable and
minimal. The L-characteristics of two equivalent systems are equivalent.

Proof. Since Y is the stabilizing solution of the Riccati equation the
matrix Az, — B(I + D*D)~1B*Y is stable by definition. It is easily seen
that the characteristic system is reachable. The observability of the system
follows by using the representation of the characteristic in which the A
maitrix is written in the form resulting from the Bucy relations.

Let (A, B,C, D) € L;™. If Z is the stabilizing solution to the Riccati
equation,

ALZ + ZA% — Z(C*(I + DD*)"'CZ + B(I + D*D)~'B* =0,
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then T'ZT™ is the stabilizing solution to this Riccati equation for the system
(TAT‘I,TB,CT‘I,D), where T is non-singular. Similarly, if Y is the
stabilizing solution to

ALY +YAL-YB(I+D'D)"'B'Y + C*(I1+ DD*)"'C =0,

then T-*YT~! is the stabilizing solution to this Riccati equation for the
system (TAT~!,TB,CT~!, D). Using this fact it is easily seen that the
L-characteristic of two equivalent systems are equivalent. O

The main theorem of this section will show that the L-characteristic
map is in fact a bijection between the set of n-dimensional minimal systems
and the set of stable n-dimensional minimal systems. We denote by L™
the set of all minimal n-dimensional systems, with m-dimensional input and
p-dimensional output space. The subset of continuous-time stable systems
is denoted by CE'™. Recall that we mean by a stable system what is often
referred to as an asymptotically stable system, i.e. all the eigenvalues of
the A matrix are in the open left half plane.

In the next definition we are going to define the so-called inverse L-
characteristic map Ixg : CE™ — LB™. We will show that this map is in
fact the inverse of the L-characteristic map xr.

DEFINITION 2.4. Let (A,B,C,D) € CE2™ and let P and Q be the
solutions to the Lyapunov equations

AP+ PA* = -BB*, A'Q+ QA= =C'C.
Then

Al B\ [ A+B(B*Q+D*C)(I+PQ)~! |B(I+D*D)!/?
I""(( c[D )) "( (I+DD")'2%¢(I + PQ)~? D )

ts called the inverse L-characteristic system.
In order to be able to analyze the inverse L-characteristic map we need

the following Lemma.
LEMMA 2.5. Let (A,B,C,D) € C&™ and let P and Q be such that

AP+ PA* = -BB*,

A'Q+QA=-CC.
Then
[4+B(B* Q+D*C)(I1+PQ))[I+PQ) = [I+PQIlA+(I+PQ)~(PC*+BD" )]
Proof. We have
A+ B(B*Q +D°C)(I + PQ)~ I + PQ] = AU + PQ) + B(E'Q+D"0)
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=A+APQ+ BB*Q+ BD*C = A+ (AP + BB*)Q + BD*C
= A+ (-PA*)Q+BD*C = A- P(—QA—C*C) + BD*C
=A+PQA+(PC' +BD*)C

‘= {1+ PQIIA+ (I + PQ)-'(PC* + BD*)C].

8]

The following Lemma shows that the inverse L-characteristic system
is minimal.

LEMMA 2.6. We have that

Ixe(CP™) € Ly™.

Proof. Let (A,B,C,D) € C5™. That Ixr((A,B,C,D)) is reachable
follows immediately from the given representation. The observability fol-
lows in a similar way after rewriting A + B(B*Q + D*C)(I + PQ)~! as
(I+PQ)(A+(I+ PQ)~}(PC*+BD*)C)(I+ PQ)™!, using Lemma 2.5. 0

The following proposition shows that the characteristic map is injective.
We need the following Lemma that shows how the solutions of the Riccati
equations of a minimal system are related to the solutions of Lyapunov
equations of its L-characteristic system.

LEMMA 2.7. Let ( é, ]B; ) be a minimal system and let

A|B\ _( AL—B(I+D'D)"'B'Y | B(I + D*D)"'/?
C|D ) " \ (I+DD)PC(1+2zY) ]| D

be its L-characteristic system, with Y and Z the solutions to the respective
Riccati equations. Then the Lyapunov equations

AP + PA* = —BB*

A'Q+QA=-~C*C
have solutions given by

P=(I+2Y)'Z=2(I+Y2)™!

Q=Y(I+2Y)=(I+YZ)Y.

Proof. We want to show that with P = (I + ZY)~1Z = Z(I + Y Z)™!
we have,

AP + PA* = —BB*.
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To do this consider

(I+ ZY)AP+ PA")(I+ YZ)

=(I+ ZY)[(AL — B(I + D*D)"'B*Y)P + P(AL — B(I + D*D)~'B*y)M
(I+v2)

=(I+2Y)(AL - B(I+ D*D)"'B'Y)Z + Z(A, — B(I + D*D)~'B*yYr
(I+Y2)

=Ar7Z + ZA;, + Z(YAL + AEY)Z
~2ZY B(I+D*D)™'B'Y Z-B(I+D* D)~ B*Y Z—ZY B(I+D" D)~ip*,
using the two Riccati equations this gives,
=ZC*(I1+DD*)"'CZ - B(I + D*D)~'B*
+Z[YB(I+ D'D)"'B'Y — C*(I1+ DD*)"'C))z
—22YB(I+D*D)™'B'YZ-B(I+D*D)"'B'YZ—ZY B(I+D* D)~'B*
=—(I1+ZY)B(I+ D*D)"'B*(I+Y2)

= ~(I+ ZY)BB*(I + Y Z),

which shows the claim.
Now with @ =Y + Y ZY, we have

AQ+QA=AY(I+ZY)+(I+Y2Z)YA
= (ALY -YB(I+ D*D)"'B'Y)I+2ZY)+(I+YZ)YAL-YB
(I+ D*D)~'B*Y),

using the Riccati equation, we have

=(-YAL-C*(I+DD*)~'C)(I+2Y )+(I+Y Z)(~ ALY -C*(I+DD*)~'C)
=~C*(I+DD*)"'C(I+2Y)- (I+YZ)C*(I+DD*)"'C

~ALY —YAL - Y(ALZ + ZAL)Y
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=-—C*(I+DD*)"'C(I+ 2Y) - (I+YZ)C*(I+ DD*)"'C
~YB(I+D'D)"'B'Y +C*(I+DD*)"'C -Y(ZC*(I+ DD*)"'CZ2)
~B(I +D*D)"'B*")Y

=—(I+YZ)C*(I+DD*)"'C(I + zY)

= —C*C.

0

We can now prove the proposition.

PROPOSITION 2.8. The characteristic map xr is injective. More pre-
cisely, Ixr - xL is the identily map on LB™.

Proof. Let (A,B,C,D) € L5™ and let (A,B,C,D) € CP™ be its

L-characteristic, i.e.

A|B\ _( AL—-B(UI+D'D)"'B*Y) | B(I+ D*D)~'/?

c ~\ (I+DD*)"Y2C(I+2Y) | D ’
where Y and Z are the stabilizing solutions to the respective Riccati equa-~
tions. We know by Lemma 2.7 that the solutions to the Lyapunov equations

AP + PA* = -BB*, A*Q+QA=-C*C
are given by
P=(I+2Y)'Z=2(I+Y2)",

RQ=Y{I+2Y)=(I+Y2)Y.
Hence we can see that PQ = ZY. Now apply Ixr to (A, B,C,D) and set
(.Al, B1, Cl, Dl) = IXL((.A, B, C,D)), then D1 = D and

B, = B(I + D*D)"/? = B(I + D*D)~Y/*(1 + D*D)'/? = B,
Cy = (I +DD*)/%¢(I + PQ)!

= (I +DD*")V*(1+ DD*)"Y2C(I + ZY)(I + 2Y)"' = C,

Ay = A+ BB*Q(I + PQ)~" + BD*C(I + PQ)~"
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— A—B(I+D*D)"}(D*C+B"Y)+B(I+D* D)™ B'Y (I+2Y)(I+2Y)™!
+B(I+D*D)"'D*C(I+ZY)(I+ zZy) !

= A,

ie. Ixr - xu((A,B,C, D)) =(4,B,C, D) for (A4,B,C,D)e Ly™. 0
~ We now need to prove that xz is in fact surjective, or that xr - Ixr is
the identity map on C§™. To do this we need the following Lemma.
LEMMA 2.9. Let (A,B,C,D) € CE™. Let P, Q be the positive definite
solutions to the Lyapunov equations

AP+ PA* +BB* =0, A'Q+QA+CC=0.

Let
(415 = ()
C|D C|D
Then
0= ALY + YA, - YB(I+D'D)"'B'Y +C*(I + DD*)7'C,
0= ALZ + ZA} — ZC*(I+DD*)"'CZ + B(I + D*D)™' B",
with

Y=QU+PQ ' =(I+QP)'Q,

Z = P(I+QP).

Moreover, Y and Z are the stabilizing solutions to the Riccati equations.
Proof. First note that

AL =A-B(I+D'D)"'D'C
= A+ B(B'Q+D*C)(I+PQ)}
—B(I+DD)V*(1+D*D)"'D*(I + pDY2¢(I + PQ)™

= A+BB*QU+PQ)".
Since,

(I+QP)ALY +Y AL _YB(I+D*D)y*B'Y +C*(I+DD*)*ClI+PQ)
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= +QP)[(A+BB* QU+ PQ)")QU+PQ)™*
+(I+QP)'Q(A+ BB QI +PQ)™")
—(I+QP)"'QB(I +D*D)/*(I +D*D)‘1(I+’D*D)I/ZB*Q(I+ PQ)~?
+(I+PQ)™*C*(I+DD*)/*(I+DD*) "  (I4+DD*)/*C(I+PQ) ' |(I+PQ)
= (I + QP)AQ+ QBB*Q + QA(I + PQ) + QBB*Q - QBB'Q +C"C
= A*Q+QA+CC+Q(PA* + AP + BB*)Q |

=0,
we have verified the first identity. Now with Z = P(I 4+ QP) we have
ALZ + ZA;, - ZC*(I + DD*)"'CZ + B(I + D*D)™'B"

= (A+BB* QU+ PQ)~)(I+PQ)P+P(I+QP)(A+BB"Q(I+PQ)™")"
~P(I+QP)(I+ PQ)~*C(I + PQ)"(I1+ PQ)P
+B(I +D*D)V¥(I + D*D) (I + D*D)'/*B*

— AP+ APQP + BB*QP + PA® + PQPA* + PQBB" — PC'CP + BB’
— A*P+ PA* + BB* + (AP + BB*)QP — PC*CP + PQ(PA" + BB")
= 0— PA*QP — PC*CP + PQ(PA" + BB")
= _P(A*Q +C*C)P + PQ(PA* + BB")
= P(QA)P + PQ(PA" + BB")

= PQ(AP + PA* + BB*)

=0,
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which shows the second identity. Since

Ar - B(I+ D*D)™'B*'Y
=A+BB QI+ PQ)~!
—B(I+D*D)V¥(I+D*D) (I +D*D)/?B* (I + QP)"'Q

=A,
which is stable and

AL —2ZC*(I+DD*)"IC
= A+ BB'Q(I+ PQ)!
~P(I4+QP)(I+PQ)™*C*(I+DD* )3 (I+DD* )~ (I+DD* )/ 2C(1+ PQ)~!
= A+BB'Q(I+ PQ)™' - PC*C(I + PQ)™!
=(I+PQ)A+(I+PQ)~'PC*C)(I + PQ)~! - PC*C(I + PQ)™!

=(I+PQ)A(I+PQ)™?,

is stable, where we have used Lemma 2.5, we have shown that Z, Y are
the stabilizing solutions to the Riccati equations. O
We are now in a position to state and prove the main theorem of this
section. This theorem shows that the L-characteristic map is bijective.
THEOREM 2.10. The map

X : L™ = G

is a bijection that preserves system equivalence. We have le = Ixr.

Proof. In Proposition 2.8 it was shown that x; is injective and
preserves system equivalence. Therefore it remains to show that xp is
surjective, or more precisely that xr - Ixp is the identity map. Let
(A,B,C,D) € C2™ and let

(&)= ((%15)
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_ ( A+ B(B*Q+D*C)(I + PQ)~' | B(I + D*D)'/? )
- (I+DDH2C(1+ PQ)™ | D '

Now consider

(o) = ((£45) = ((15)

_( AL —B(I+D*D)"'B*Y | B(I+D*D)"'/?
T\ (I+DD")?C(1+2Y) | D :

where Z, Y are the stabilizing solutions to the Riccati equations,

0=A;Y +YAL-YB(I+D'D)"'B'Y +C*(I+ DD")7'C,

0=ALZ + ZA} — ZC*(I+ DD*)"'CZ + B(I + D*D)™'B*.
By Lemma 2.9

Y=QU+PQ)'=(I+QP)'Q,

Z=P(I+QP),
with Q, P the positive definite solutions to
AP+ PA* = -BB*, A'Q+QA=-CC.

Now, using that Ay = A + BB*Q(I + PQ)~! (proof of Lemma 2.9), we
have P; = D, and
Ay = AL - B(I+D*'D)"'B*'Y
=A+BB'QU+PQ)!
—B(I + D*D)*(I1 + D*D)~}(I + D*D)/*BQ(I + PQ)™!
= A,

B, = B(I + D*D)~Y/? = B(I + D*D)/*(1 + D*D)~*/?

=B,
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" €= +DD*) V(I + ZY)
= (I +DD*)"Y2(I + DD*)*2¢(I + PQ)~'(I + PQ)

=C,

which shows the claim that xr - Ixr is the identity map. Therefore XL is
invertible with x;l =1Ixy. 0O

The notion of balancing that is appropriate for minimal systems is
that of LQG balancing (Jonckheere and Silverman [16]) (see Ober and
McFarlane [22] for the non-strictly proper case).

DEFINITION 2.11. A system (A,B,C,D) € L&™ is called LQG-
balanced if

ALY+ XAL - EB(I+D*D)"'B*T +C*(I+ DD*)"'C =0,

ALT + LA} — C*(I+ DD*)~'CE + B(I + D*D)"'B* =,
for
Y =diag(o11n,,021n,,...,0t1n,), o1>02>:->0r>0.

The matriz ¥ 1s called the LQG grammian of the system.
In Ober and McFarlane [22] (see also [21]) the following canonical form
for SISO systems was given in terms of LQG balanced realizations.
THEOREM 2.12. The following two statements are equivalent:
(i) g(s) is the transfer function of a minimal system over R of McMillan
degree n.
(i) 9(s) has a standard n-dimensional realization (A,b,c,d) given by a
standard set of parameters such that

-b,-bj (l — 8800 —s-d)
5 .

%j = 14 d2 8i{8j0i + 0;

Moreover, the realization given in (ii) is LQG balanced with LQG grammian
Y =diag(o11n,,021n,,...,0cls,). The map which assigns to each minimal
system the realization in (ii) is a canonical form.

For an analysis of the characteristic map from the point of view of
balancing it is more appropriate to slightly change the definition of the
characteristic map. This is done by performing a state-space transforma-
tion on xr((4, B,C, D)).

Define for a system (A, B,C,D) € LE™ the modified characteristic

Nan)



DIFFEOMORPHISMS BETWEEN SETS OF LINEAR SYSTEMS 131

B T1/4(AL _ B(I+ D"'D)_IB*Y)T_IM | T1/4B(I+ DtD)—1/2
= (I+DD‘)"'1/20(I+ZY)T—1/4 I D y

where T := (I+ ZY)*(I+ ZY) and Z, Y are the stabilizing solutions to
the two Riccati equations.

COROLLARY 2.13. The map X : LE™ — CE™ is a bijection with the
following properties,

1. (A,B,C,D) € L&™ is LQG balanced with LQG grammian X of
and only if X.((4, B,C, D)) is Lyapunov balanced with Lyapunov
grammtan X. .

2. (A,b,c,d) € LY is in LQG-balanced canonical form of Theo-
rem 2.12 if and only if XL((A,b,c,d)) is in Lyapunov balanced
canonical form of Theorem 1.1.

Proof. 1) Let (A,B,C,D) € LE™ and let Y, Z be the stabiliz-
ing solutions to the two Riccati equations. By Lemma 2.7 (A,B,C, D)=
xz((4, B,C, D)) is such that P = (I+2Y)"'Z, Q = Y(I + ZY) solve the
Lyapunov equations,

AP+ PA* = -BB*, A'Q+QA=-CC.

If (A1, B1,C1,D1) = %((4, B, C, D)), then the positive definite solution to
the Lyapunov equations,

APy + PLA = —BiB}, A1Q: + Q1A = —CiCy,
are given by

P = T1/4PT1/4
= (T4 2Y) (I +2Y) I+ 2Y) 2+ ZY) (I + 2Y)*,
Ql — T—1/4QT—1/4

= (+2Y)I+2Y) VY +2Y) (I + 2Y) (I + ZY) "4,
If (A, B,C,A D) is LQG balanced then Z=Y =X is diagonal and therefore
P=Z=Y =0(Q,
- ie. (A1, Bi,C1,D,) is Lyapunov balanced with Lyapunov grammian X.

The converse follows in the same way. "
2.) This follows by straightforward verification. 0
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3. Bounded real systems. The next class of systems that we wi|
consider are bounded real systems. We call a system bounded real, if it ig
stable and its transfer function satisfies,

I — G*(iw)G(iw) > 0,

for all w € R U {£oo}. We denote by BE™ C L2™ the subset of bounded
real systems. We will proceed as in the previous section and construct
a map of the set of bounded real systems into the set of stable systems.
Whereas in the previous case the map was onto, this is not the case here,
In the present case the map will be a bijection between the class of bounded
real systems of McMillan degree n and the set of stable minimal system of
the same McMillan degree whose Hankel singular values are less than one.
To simplify presentation, we are going to use the following notation,

Ap:=A-B(I-D*D)'D*C.

We are now going to define the B-characteristic of a bounded real system.
A

C|D
LetY be the stabilizing solution of the Riccati equation

DeFINITION 3.1. Let ) be a minimal bounded real system.

0= ApY +YAp+YB(I -~ D*D)"'B*Y + C*(I - DD*)"!C,

i.e. Ap+B(I—D*D)"1B*Y is stable, and let Z be the stabilizing solution
to the Riccali equation

0=ApZ+ ZAy + ZC*(I - DD*)"'CZ + B(I - D*D)™'B*,

i.e. Ap+ ZC*(I — DD*)"1C is stable.
Then the system

w ((615)) = (CEsbrrarmT 5 )

is called the B-characteristic of the system ( é, IB) )

These following relations are the relations that are equivalent to the
Bucy relations for the case of minimal systems. Note that standard results
on the bounded real Riccati equation ([24]) imply that I — ZY is non-
singular, where Y and Z are the stabilizing solutions to the two bounded
real Riccati equations.

LEMMA 3.2, Let

Al B
C\D

Y be a solution of the Riccati equation

be a minimal bounded real system. Let

0= ApY +YAp+YB(I-D'D)"'B'Y +C*(I- DD*)"'C,
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and let Z be a solution of the Riccali equation
0=ApZ + ZAp + ZC*(I - DD*)"'CZ + B(I - D*D)"'B*,
then ‘
[I-ZY)(Ap+B(I—-D*D)™'B*Y) = (Ap+ZC*(I- DD*)"'C)[I - ZY].
Proof. Consider the two Riccati equations,
0=ARY +YAp+YB(I - D*D)"'B*Y + C*(I - DD*)~'C,
and
0=ApZ + ZA% + ZC*(I - DD*)"'CZ + B(I - D*D)"'B*.

Multiplying the first equation on the left by —Z and the second equation
on the right by —Y, equating both equations and adding Ap to both sides
we obtain

Ap — ZAYY — ZYAp — ZYB(I - D*'D)"'B*Y — ZC*(I1 - DD*)"'C

= Ap — ApZY — ZASY — ZC*(I - DD*)~'CZY — B(I - D*D)"'B*Y.
Canceling the term ZAgRY from either side and collecting terms, we obtain
[I-ZY)(As+B(I—-D*D) 'B*Y) = (Ap+2C*(I-DD*)"'C)[I- ZY].

0
As a consequence of these Bucy type relationships we can rewrite the
B-characteristic of a bounded-real system as follows,

w ((£15)) -

( [I- ZY]~Y(Ap + 2C*(I - DD*)~'C)[I — ZY)) | BI — D*D)~*/2 )
—(I-DD"2C(I - zY) | D

The following Lemma shows that the B-characteristic map maps a
bounded real system to a stable system of the same McMillan degree.

LEMMA 3.3. The B-characteristic of a minimal bounded-real system
is stable and minimal. The B-characteristics of two equivalent systems are
equivalent.

Proof. Since Y is the stabilizing solution of the Riccati equation the
matrix Ag + B(I — D*D)~!B*Y is stable by definition. It is easily seen
that the characteristic system is reachable. The observability of the system
follows by using the representation of the characteristic in which the A
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matrix has been written in the form resulting from the Bucy type relations.
That the B-characteristics of two equivalent systems are equivalent is easily
verified. 0

In the following Lemma we investigate the solutions of the Lyapunov
equations of the B-characteristic system.

LEMMA 3.4. Let ( g 11; ) be a minimal bounded-real system and

let

A|BY\ _(_Ap+B(I-D'D)"'B'Y | B(I-D*D)-'/?
C|D )\ -(I- DD*)12C(1 - ZY) | D
be its B-characteristic system, withY and Z the stabilizing solutions to the
respective Riccati equations. Then the Lyapunov equations

AP+ PA* = —BB*

A'Q+QA=-CC
have solutions given by

P=(I-2Y)'Z=2(1I-Y2)!
Q=Y(I-2Y)=(I-YZ)Y.
Proof. We first show that AP 4+ PA* = —BB*. Since I — ZY is
invertible this follows from,
(I-ZY)AP+PA*)I-Y2Z)
=(I-2Y)AZ+ZA*(I-YZ)
= (I-2ZY)[Ap+B(I-D*D)"'B*Y]Z+Z[Ap+B(I-D* D)~ B*Y|*(I-Y Z)
=ABZ + ZAy — Z(YAp + ABY)Z
+(I -ZY)B(I-D*D)"'B*YZ + ZYB(I — D*D)™*B*(I - Y 2)

=-2ZC*(I- DD*)"'CZz - B(I - D*'D)"'B*

~Z[-YB(I- D*D)"'B*Y - C*(I - DD*)"'C)Z
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+(I - ZY)B(I - D*D)"'B*YZ + ZYB(I - D*D)"'B*(I - Y 2)
=-B(I-D'D)"'B*+ZYB(I-D'D)"'B'YZ
+(I - ZY)B(I-D*D)"'B*YZ + ZYB(I- D*D)"'B*(I - Y 2)
=—(I-2Z2Y)B(I-D*'D)"'B*(I-YZ)

=—~(I-2Y)BB"(I -YZ).
Let now Q@ =Y — YZY. We are going to show that
A*Q+ QA =-C"C.

We consider

A*Q+ QA
= [Ap+B(I-D*D)™'B*Y]'Y(I-2Y)+(I-Y 2)Y[Ap+B(I-D* D)"' B*Y]
=[A3Y +YB(I - D*D)"'B*Y](I - ZY)

+(I-YZ)[YAp +YB(I - D*D)"'B*Y],
using the bounded real Riccati equation this gives,

= [-YAp~C*(I-DD*)"'C)(I-ZY)+(I-Y Z)[-AyY-C*(I-DD*)~'(C]
=-C*(I-DD*)"'C(I-2Y)-(I-YZ)C*(I- DD*)"'C
—YAp — AyY + Y(ApZ + ZAR)Y

—C*(f - DD*)"'(I-2Y)-(I-YZ)C*(I-DD*)"!C

+YB(I - D*D)"'B*Y +C*(I - DD*)"'C
+Y[-ZC*(I-DD*)"'CZ - B(I - D*'D)"'B*lY
=—(I-Y2Z)C*(I-DD*)"'C(I - 2Y)

= -C*C.

a
A consequence of the previous Lemma is that the image of xp is not

the whole set C5'™, but the subset UCE'Z. A system (A, B,C,D) € CF™
isin UCH'G if
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1. Amaz(PQ) < 1, where P, Q are the positive definite solutions to
AP+ PA* = -BB*, A*Q+ QA= -C*C,

2. I-D*D > 0.
We can now show that the B-characteristic of a bounded real system
is minimal and in UC'R.
LEMMA 3.5. We have

xB(BY™) CUCY.

Proof. Let (A, B,C,D) € B5™. It follows from standard results on
the bounded real Riccati equations that Aner(ZY) < 1 ([24]), where Z,
Y are the stabilizing solutions to the bounded real Riccati equations. If
(A,B,C, D)= xp((A, B,C, D)) and P, Q are the positive definite solutions
to the Lyapunov equations

AP+ PA* = -BB*, A'Q+QA=-C*C,

then as a consequence of Lemma 3.4 we have PQ = ZY and therefore that
Amaz (PQ) < 1. Clearly, I - D*D = I — D*D > 0 and hence (A4, B,C,D) €
UcChy. O

In the next definition we are going to define the inverse B-characteristic
map Ixp : UCE'g — BE™. Analogously to the case of minimal systems
Ixp will turn out to be the inverse of the B-characteristic map xp : B{™ —
UCH.

DEFINITION 3.6. Let (A,B,C,D) € ch;'g and let P, Q be the solu-
tions to the Lyapunov equations

AP+ PA*=-BB", A'Q+QA=-C"C.

e ((215))

_ ( A-B(B*Q+D*C)(I - PQ)~* | B(I - D*D)!/? )
T\ —-(I-DD*)V2c(I-PQ)! | D

Then

is called the inverse B-characteristic system.

In order to be able to show that Ixp maps a stable system in U Cﬁ:’g
to a bounded real system we need the following Lemmas.

LEMMA 3.7. Let (A,B,C,D) € UC,‘::'; and let P and Q be such that

AP+ PA* = —-BB*, A'Q+ QA= -C"C.
Then
[A- BB'Q+D*C)(I - PQ) ][I - PQ]
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=[I - PQ][A - (I — PQ)"}(PC* + BD*)(].
Proof. We have
[A-B(B*Q+D*C)(I - PQ)™'|lI - PQ]
= A(I - PQ) - B(B*Q +D*C) = A— APQ - BB*Q — BD*C
=A-[AP + BB*]Q — BD*C
= A~ [-PA*)Q—-BD*C=A—-PQA- PC'C—-BD*C

=[I - PQJlA- (I - PQ)~'(PC* + BD*)C).

D .
LEmMMa 3.8. Let (A,B,C,D) € UC’,’::’B. Let P, Q be the positive

definite solutions to the Lyapunov equations

AP+ PA*+BB* =0, A'Q+QA+C*C=0.

Let
(#45) =2 ((€15))
c|D cC|D
Then
0=ARY +YAp+YB(I - D'D)"'B'Y + C*(I - DD*)"'C,
0=ApZ + ZAs + 2C*(I- DD*)"'CZ + B(I- D*D)"'B*,
with

Y=QU-PQ)'=(I-QP)'Q,

Z=(I-PQ)P=P(I-QP).

Moreover, Y and Z are the stabilizing solutions to these two bounded real

Riccati equations.
Proof. First note that

Ap = A—B(I - D*'D)"'D*C

=A-B(B*Q+ 1;*6)(1 - PQ)™!
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+B(I - D*D)*(I - D*D)~'D*(I - DD*)/?C(1 - PQ)~*

=A-BB'Q(I - PQ)™'.
Since I — QP is invertible and

(I-QP)[ARY +Y Ap +YB(I-D*D)"'B'Y +C*(I-DD*)"'C)(I-PQ)
=(I-QP)[(A-BB'QU - PQ)™)"QU - PQ)™
+(I - QP)"'Q(A-BB* QU - PQ)™")
+(I - QP)"'QB(I - D*D)/*(I - D*D) (I - D*D)V/?B* (I - PQ)™!
+(I-PQ)~*c*(I-DD*)" 2(1-pD*)"}(I-DD*)/*C(1-PQ)~)(I-PQ)
= (I-QP)A*Q - QBB*Q + QA(I - PQ) -~ QBB*Q + QBB"Q +C*C
= A*Q+ QA+C*C— Q(PA* + AP + BB*)Q

=0,
we have verified the first identity. Now with Z = P(I — QP) we have

ApZ + ZA% + 2C*(I - DD*)™*CZ + B(I - D*D)™'B"
= (A= BB Q(I- PQ)~")(I- PQ)P+P(I- PQ)(A-BB*Q(I-PQ)™")"
+P(I-QP)I-PQ)"C’C(I-PQ)"'(I- PQ)P
+B(I - D*D)V2(I - D*D)~Y(I - D*D)/*B’
— AP — APQP — BB*QP + PA* — PQPA® — PQBB* + PC"CP + BB
— A*P+ PA* + BB* — (AP + BB*)QP + PC*CP — PQ(PA" + BB")

=0+ PA*QP + PC*'CP — PQ(PA* + BB")
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= P(A*Q +C*C)P — PQ(PA" + BB")
= —P(QA)P — PQ(PA* + BB*)
= —PQ(AP + PA" + BB")

=0,
which shows the second identity. Since

Ap + B(I- D*D)"'B*Y
=A-BB'Q(-PQ)!
+B(I - D*D)Y*}(I - D*D)"}(I - D*D)*B*QUI — PQ)!

= A,
is stable and

Ap+2zC*(I-DD*)"C

=A-BB*Q(I - PQ)~!
+P(I-QP)(I-PQ)~*C*(I-DD*)/*(I-DD*)~Y(I-DD*)*C(I-PQ)™!
=A-BB*Q(I - PQ)~'+ Pc*C(I - PQ)™!
= -PQ)A-(I-PQ)y'PC*C)(I+ PQ)~' + PC*C(I + PQ)™!

= (I - PQUA(I-PQ)™",
is stable, where we have used Lemma 3.7, we have shown that Z, Y are
the stabilizing solutions to the bounded real Riccati equations. O

We can now show that Ixp maps UCE'p into BE™.
LEMMA 3.9. We have

Ixs(UCE'R) C BE™.
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Proof.  Let (A,B,C,D) € UCEG and let (4,B,C,D) =
Ixg((A,B,C,D)). It follows 1mmed1ately that (A, B,C, D) is reachable.
After rewriting of (4, B,C, D) using the formula of Lemma 3.7 it fol-
lows that the system is observable. In Lemma 3.8 it was shown that the
two bounded real Riccati equations for the system (A, B, C, D) have pos-
itive definite stabilizing solutions Y, Z. This together with the fact that
Amaz(YZ) = Amaz(PQ) < 1 implies ([24]) that (A4, B, C, D) is bounded
real. O

We are now in a position to show that xg : By™ — UCE'E is a
bijection.

THEOREM 3.10. The map

B:By™ - UCEE
s a bijection that preserves system equivalence. The inverse map is given
by xg' = Ixs-

Proof. That xp preserves system equivalence was established in
Lemma 3.3.We are next going to show that xp is injective, or more
precisely that Ixp - xp is the identity map. Let (4,B,C,D) €
By™, let (A,B,C,D) = xB((4,B,C,D)) and set (A1, B,,C1,D1) :=
Ixp((A,B,C,D)). Using Lemma 3.4 we have

Di=D
B, = B(I - D*D)*? = B(I - D*D)""/*(I - D*D)"/* = B,
=—(I -DD*)"%¢(I - PQ)~!
=(I-DD*)"Y*(1 - DD*)}*Cc(I- zY)(I - ZY)"! = C,
=A-B(B'Q+D*C)(I-PQ)™?
= Ap+ B(I - D"D)"'B'Y — B(I - D"D)~"/*(I1 - D*D)~'/*B*Y
+B(I - D*D)~'2D*(I - DD*)~Y?C(I - ZY)(I - 2Y)~!
=A-B(I-D'D)"'D*C+B(I-D'D)"'D*C
4

which shows that Ixp - xB((4, B,C, D)) = (A, B,C, D) and hence that
xB is injective. We now show that xp is surjective by showing that xp -
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Ixp is the identity map. Let (A,B,C,D) € UCL'p, let (4,B,C,D) :=
IxB((A,B,C,D)) and set (A, B1,C1,D4) := x8((A, B,C, D)). Then

D;=D

G =—-(I - D*D)"Y*C(I - 2Y)
= (I - DD")"Y*(I - DD*)!/*¢(I - PQ)™'(I - PQ)
=C,

= B(I — D*D)~Y/? = B(I - D*D)/*(I - D*D)~'/? = B,

Ay = Ap + B(I - D*'D)"'B'Y
=A-BB'Q( - PQ)™!
+B(I - D*D)?*(I - D*D)"*(I — D*D)/?B*Q(I — PQ)~*

=A.

This shows that yp is surjective. Hence we have that yp is bijective with
inverse xgl =Ixg. 0O

We now come to analyze the previous result from the point of view of
balanced realizations. Bounded real balanced realizations were introduced
by Opdenacker and Jonckheere [23].

DEFINITION 3.11. A system (A,B,C,D) € BE™ is called bounded
real balanced if

AT +ZAg+EB(I-D*D)"'B*L 4+ C*(I- DD*)"C =0,

AT + LAy +XC*(I - DD*)"'Cx+ B(I-D*D)"'B* =0,
for
Y= diag(a'll,,l,crzln,, .. .,O'kIn,‘), oL >09> >0 >0,

and T is the stabilizing solution to both equations. The matriz ¥ is called
the bounded real grammian of the system.

In Ober [21] the following canonical form for SISO bounded real sys-
tems was given.

THEOREM 3.12. The following two statements are equivalent:
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(1) 9(s) is the transfer function of a bounded real system over R of McMil.
lan degree n.

() g(s) has a standard n-dimensional realization (A,b,c,d) given by 4
standard set of parameters such that

_ —b,'bj 1+8,'3j0’,'0'j
Wi = 1-4d2 (S;SjO’,'-i-O’j +st !

with |[d| < 1, 01 < 1.
Moreover, the realization given in (i) is bounded real balanced with bounded
real grammian X = diag(011,,,021s,,...,01l,,). The map which assigns
to each bounded real system the realization in (ii) is a canonical form.
As in the case of minimal systems we now introduce a slightly modified
characteristic map. Define for a system (A, B, C, D) € B2™ the modified

characteristic map
~ Al|B
XB Cl1D

_ T1/4(AB + B(I - D*D)—lBty)T—lﬂl I T1/4B(I_ D*D)—llz
h —(I-DD*) 2C(I-ZY)T~% | D ,

where T := (I — ZY)*(I — ZY) and Z, Y are the stabilizing solutions to
the two bounded real Riccati equations. We have the following corollary.
CoroLLARY 3.13. The map Xp : BE™ — UCE' is a bijection with
the following properties,
1. (A,B,C,D) € B%™ is bounded real balanced with bounded real
grammian X if and only if xp((A, B,C, D)) is Lyapunov balanced
with Lyapunov grammian X.
2. (A,b,c,d) € Bl is in the bounded real balanced canonical form of
Theorem 3.12 if and only if XxB((A, b, c,d)) is in Lyapunov balanced
canonical form of Theorem 1.1.

4. Positive real systems. We are now going to consider positive real
systems. We call a square minimal system positive real, if it is stable and
its transfer function satisfies,

G(iw) + G*(iw) > 0,

for all w € RU{*xoo}. We denote by P the subset of L™™ of positive real
systems. We again introduce some notation to simplify the presentation.
Let (A, B,C, D) be a positive real system, then set,

Ap:=A-B(D+ D*)"C".

The P-characteristic of a positive real system is defined as follows.
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DEFINITION 4.1. Let ( é, IB; ) be a minimal positive real system.

LetY be the stabilizing solution of the Riccali equation
0=ApY +YAp+YB(D+ D*)"'B*Y + C*(D+ D*)"'C,

i.e. Ap+ B(D+ D*)"'B*Y is stable, and let Z be the stabilizing solution
to the Riccati equation

0=ApZ+ZAp+2C*(D+D")"'CZ+ B(D+ D*)"'B",

i.e. Ap+ZC*(D+ D*)"!C is stable.
Then the system

o (1) = (s s

B
cCiD )’

The following relations are analogous to the Bucy relations for the case
of minimal systems. Note that standard results on the positive real Riccati
equation (see e.g. [24]) imply that I — ZY is non-singular, where Y and Z
are the stabilizing solutions to the two positive real Riccati equations.

A|B
LEMMA 4.2. Let ( D

be a solution of the Riccati equation

ts called the P-characteristic of the system (

) be @ minimal positive-real system. LetY

0=ApY +YAp+YB(D+ D*)"'B'Y + C*(D+ D*)"'C,
and let Z be a solution of the Riccali equation
0=A4pZ+ZAp+2C*(D+D")"'CZ+B(D+ D*)™'B",
then
[[ - ZY)(Ap + B(D + D*)"'B'Y) = (Ap + ZC*(D + D*)"'C)[I - 2Y].
Proof. Consider the two Riccati equations,
0=A4pY +YAp+YB(D+D*)"'B'Y + C*(D+ D*)'C,
and
0=ApZ+ ZAp+2C*(D+D*)"'CZ + B(D+ D*)"'B".

Multiplying the first equation on the left by —Z and the second equation
on the right by —Y, equating both equations and adding Ap to both sides
we obtain

Ap ~ ZApY — ZY Ap — ZY B(D + D*)"'B*Y — ZC*(D + D*)~*C
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= Ap — ApZY — ZApY — ZC*(D + D*)"'CZY - B(D + D*)"'B*y
Canceling the term Z A}}; from either side and collecting terms, we obtain
[I - ZY|(Ap + B(D+ D*)™'B'Y) = (Ap + ZC*(D + D*)~'C)[I - zy).

o
As a consequence of these Bucy type relationships we can rewrite the
P-characteristic of a positive real system as follows,

v ((615)) =

( [I-2Y]"Y(Ap + ZC*(D + D*)"*CO)[I - ZY)) | B(D + D*)-1/2
—(D+ D*)"?2C(I - zY) | D )

The following Lemma, that is proved in the standard way, states that
the P-characteristic of a positive real system is stable and minimal.

LEMMA 4.3. The P-characteristic of a minimal positive-real system is
stable and minimal. The P-characteristics of two equivalent systems are
equivalent.

We now construct the inverse map to the P-characterlstlc In order to
do this we first have to investigate the solutions of the Lyapunov equations
of the characteristic system.

LEMMA 4.4. Let ( ‘é, g ) be a minimal positive-real system and let

A|BY\ _( Ap+B(D+D*)"'B'Y |B(D+D*)"'/?
C|D )~ \ -(D+D)C(I-2Y)] D
be its P-characteristic system, withY and Z the stabilizing solutions to the

respective Riccati equations. Then the Lyapunov equations

AP + PA* = —BB*

A'Q+ QA= -CC
have solutions given by

=(I-2Y)'Z2=2(I-Y2)!

Q=Y(I-2Y)=(I-Y2)Y.

Proof. We first show that AP + PA* = —BB*. To do this note that
I — ZY is invertible and consider,

(I - ZY)(AP + PA*)(I -YZ)
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=(I-2Y)AZ+ZA*(I-Y2)
= (I-ZY)[Ap+B(D+D*)"'B*Y]Z+Z[Ap+B(D+D*)" ' B*Y]*(I-Y 2)
=ApZ+ ZAp - Z(YAp + AbY)Z

+(I-2Y)B(D+ D*)"'B*'YZ + ZYB(D+ D*)"'B*(I- Y 2)

=-ZC*(D+ D*)"'CZ - B(D + D*)"'B*

-Z[-YB(D + D*)"'B*Y - C*(D + D*)"'C)z
+(I-2Y)B(D+D*)"'B*YZ + ZYB(D+ D*)"'B*(I-Y2)

=-B(D+D*)"'B*+ ZYB(D + D*)"'B*YZ
+(I-2Y)B(D+ D*)"'B*YZ + ZYB(D + D*)"'B*(I - Y 2)
=—(I—-ZY)B(D+D*)"'B*(I-YZ)

=—(I-ZY)BB*(I-Y2Z).
Let now Q =Y —YZY. We are now going to show that
A'Q+ QA =-C*C.
We consider

A'Q+ QA
= [Ap+B(D+D*)"'B*Y|*'Y(I-2Y)+(I-Y Z)Y [Ap+B(D+D" )~ B*Y]

=[ApY +YB(D + D*)"'B*Y|(I- ZY)+ (I - YZ)[Y Ap + YB(D + D*)-!
F B*Y)

using the positive real Riccati equation this gives,

=[-YAp—C*(D+D*)"'Cl(I~ZY )+(I - Y Z)[-A}pY — C*(D+ D*)~'C]
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=-CYD+D*)"'C(I-2Y)~(I-YZ)C*(D+ D*)"'C
~YAp — ApY +Y(ApZ + ZAL)Y
=-C*(D+D*)"'(I-2Y)-(I-YZ)C*(D+D*)'C
+YB(D + D*)"'B*Y + C*(D+ D*)"'C
+Y[-ZC*(D+ D*)"'CZ - B(D + D*)"'B*|Y
=-(I-YZ)C*(D+D*)"'Cc(I- zY)

=-C*C.

0
A consequence of the previous Lemma is that the image of xp is not
the whole set Cpt™, but the subset UC.'5". A system (A, B,C, D) € Cm
isin UC,'p" if
1. maz:(PQ) < 1, where P, @ are the positive definite solutions to

AP+ PA* = -BB*, A'Q+QA=-CC,

2. D+D* > 0.
We can now show that the P-characteristic of a positive real system is
minimal and in UC]'5"
LEMMA 4.5. We have

xs(P") CUCTE

Proof. The proof is analogous to the proof of Lemma 3.5. O

In the next definition we are going to define the inverse P-characteristic
map Ixp : U C,';' » — P™._ Analogously to the case of minimal and
bounded real systems pr will turn out to be the inverse of the P-
characteristic map xp : PJ* — UC,, P .

DEFINITION 4.6. Let (A, B,C, ’D) €UC,'?" and let P, Q be the solu-
tions to the Lyapunov equations

AP+ PA* = -BB*, A*'Q+QA=-C*C.
Then

o (448) - (SR )
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is called the inverse P-characteristic system.
LEMMA 4.7. Let (A,B,C,D) € UC,':}T and let P and Q be such that

AP+ PA* = -BB*, A'Q+QA=-C'C.
Then, |
[A-B(B*Q+C)(I-PQ)~|[I-PQ) = [I- PQ][A~(I-PQ)™(PC*+B)C].
Proof. We have
[A-B(B'Q+C)(I - PQ)~'|lI - PQ)

= A(I-PQ)-B(B* Q+C) = A~APQ-BB*Q-BC = A-|AP+BB*|Q-BC
=A—[-PA*)Q-BC=A-PQA—-PC*C—BC

=[I - PQ|[A- (I - PQ)~}(PC* + B)C].

0

In order to be able to show that Ixp maps a stable system in UC,5"
to a positive real system was need the following Lemma.

LemMA 4.8. Let (A,B,C,D) € UC]'5". Let P, Q be the positive
definite solutions to the Lyapunov equations

AP+ PA*+BB* =0, A'Q+QA+C'C=0.

Let
(1) =2 (£15).
C|D C|D
Then,
0=AMY +YAp +YB(D+ D*)"!B*'Y + C*(D + D*)"IC,
0=ApZ + ZAp +2ZC*(D+ D*)"'CZ + B(D + D*)"'B*,
with

Y =QU-PQ)'=(I-QP)'Q,

Z = (I-PQ)P = P(I - QP).

Moreover, Y and Z are the stabilizing solutions to these two positive real
Riccati equations.
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Proof. The proof is completely analogous to the proof of Lemma 3.8,

We now have that Ixyp maps U C,',': » into P™.
LEMMA 4.9. We have

Ixp(UC,'g") € P

Proof. The proof is analogous to the proof of Lemma 3.9. O
We are now in a position to show that xp : P — U C,': ' is a bijection.
THEOREM 4.10. The map

. pmm m,m
XP . Pﬂ — U ﬂ,P

is a bijection that preserves system equivalence.

The inverse map xp' : UCs — P is given by xp' = Ixp.

Proof. The proof is a straightforward verification and analogous to the
bounded real case. O

Balancing for positive real systems has been introduced by Desai and
Pal [7] (see also [14], [11]).

DEFINITION 4.11. A system (A, B,C, D) € P is called positive real
balanced if

ApS+XZAp+EZB(D+ D) 'B*L+C*(D+ D*)"'C=0,

ApY +ZAp + £C*(D+ D*)"'CT + B(D + D*)"'B* =0,
for
Y= diag(a'll,,l,a'gl,,,, .. .,O'kIn,‘), CL 209> >0 > 0,

and ¥ is the stabilizing solution to both equations. The matriz X is called
the positive real grammian of the system.
In Ober [21] the following canonical form for SISO positive real systems
was given.
THEOREM 4.12. The following two statements are equivalent:
(i) 9(s) is the transfer function of a positive real system over R of McMil-
lan degree n.
(i1) g(s) has a standard n-dimensional realization (A,b,c,d) given by a
standard set of parameters such that

—=bib;(1 — si03)(1 — sj0;5)
2d(s;8j0’; + a'j)

a;; = ’

withd>0, 01 < 1.
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Moreover, the realization given in (ii) is positive real balanced with positive
real grammian T = diag(011,,,021,,,.. y0kln,). The map which assigns
to each positive real system the realization in (%) is-a canonical form.

As in the case of minimal systems we now introduce a slightly modified
characteristic map. Define for a system (4,B,C,D) € P™ the modified

P-characteristic map
- Al|B
Xp clD

_ T1/4(AP+B(D+Dt)—lBty)T—1/4 I T1/4B(D+D*)-—1/2
"\ —-(D+D)'PCU-zY)TTE | D ’

where T := (I —~ ZY)*(I - ZY) and Z, Y are the stabilizing solutions to
the two positive real Riccati equations. We have the following corollary.
COROLLARY 4.13. The map Xp : P* — UCTE" is a bijection with
the following properties,
1. (A,B,C,D) € P™™ is positive real balanced with positive real
grammian X if and only if xp((A, B, C, D)) is Lyapunov balanced
with Lyapunov grammian L.
2. (A,b,¢c,d) € P} is in positive real balanced canonical form of The-
orem 4.12 if and only if xp((A,b,¢c,d)) is in Lyapunov balanced
canonical form of Theorem 1.1.

5. Antistable systems. The last class of systems that we will con-
sider is the class of antistable functions. We call a system antistable whose
eigenvalues are all in the open left half plane. In this section we are going
to study a map from the set of antistable systems of fixed McMillan degree
to the set of stable systems of McMillan degree n. There are of course
a number of obvious such maps. This map here however appears to be

different.
A|B

DEFINITION 5.1. Let ( 1D > be a minimal antistable system. Let

Y be the stabilizing solution of the Riccati equation
A'Y+YA-YBB'Y =0,

i.e. A—BB"Y is stable, and let Z be the stabilizing solution to the Riccati
equation

AZ +ZA*-2C*CZ =0,

t.e. A— ZC*C is stable.
Then the system

w((615)) = (Lo s)
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A|B
. c|D )
These following relations are the relations that are equivalent to the
Bucy relations for the case of minimal systems.

15 called the S-characteristic of the system

LEMMA 5.2.
Let '2, g ) be a minimal antistable system. Let Y be a solution of

the Riccati equation
0=A*Y +YA-YBBY,
and let Z be a solution of the Riccati equation
0=AZ+ZA*-2Z2C*C3Z,
then
ZY(A—-BB'Y)=(A-ZC*C)ZY.
Proof. Consider the two Riccati equations,
0=A'Y+YA-YBB'Y
and
0=AZ+ZA*-ZC*CZ.

Multiplying the first equation on the left by Z and the second equation on
the right by Y, equating both equations, we obtain

ZA'Y + ZYA—-ZYBB'Y = AZY + ZA*Y - ZC*CZY.
Canceling the term ZA*Y from either side and collecting terms, we obtain
ZY(A-BB'Y)=(A-ZC*C)ZY.

0
As a consequence of these Bucy type relationships we can rewrite the
characteristic of a system as follows,

o (4f8)) - (osgieanis)

The following Lemma shows that the S-characteristic maps antistable
systems to stable minimal systems. The proof is by now standard.

LEMMA 5.3. The S-characteristic of a minimal anti-stable system is
stable and minimal. The S-characteristics of two equivalent systems are
equivalent.
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In the following definition we are going to introduce the candidate map
for the inverse of the characteristic map. We denote by ASE™ C LE™ the
subset of antistable systems.

DEFINITION 5.4. Let (A, B,C,D) € C2™ and let P, Q be the solutions
to the Lyapunov equations

AP+ PA* = -BB*, A'Q+QA=-C'C.

o (#45) - ()

is called the inverse S-characteristic system.

To show that Ixs maps a stable minimal system to an antistable min-
imal system we need the following Lemma.

LEMMA 5.5. Let (A,B,C,D) € CB™ and let P and Q be such that

Then

AP + PA* = —BB*, A*Q+QA=-CC.
Then
[A+BB*P~Y1PQ = PQIA+Q~C*(]
Proof. We have

[A+ BB*P~YPQ = APQ + BB*Q
= [AP + BB*]Q = [-PA*]Q = —P[-C*C — QA

= PQA+ PC*C = PQ[A+Q™'C*C).

a
LEMMA 5.6. We have

Ixs(CE™) C ASE™.

Proof. Let (A,B,C,D) € C5™. The minimality of (4,B,C,D) =
Ixs((A, B,C, D)) follows in the standard way. To show that A is antistable
let P be the positive definite solution to the Lyapunov equation,

AP+ PA* = —BB*.

Now consider,

AP+ PA*— BB* = (A+BB*P~')P + P(A+ BB*P~')* — BB
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= AP+ PA" +BB" =0,

which implies that A is antistable. Hence (4, B,C, D) € AS2™, O

In order to prove the main result of this section we will need to again es-
tablish connections between solutions to Lyapunov equations and solutions
to Riccati equations.

LEMMA 5.7. Let ( é, IB) ) be a minimal antistable system and let

A|B\ (A-BB'Y|B

C - CzZY ! D
be its S-characteristic system, withY and Z the stabilizing solutions to the
respective Riccati equations. Then the Lyapunov equations

AP+ PA* = -BB*

A'Q+QA=-C"C
have solutions given by

P=Y!

Q=YZY.

Proof. We first show that AP + PA* = —BB”. To do this consider

Y(AP+ PA*)YY =YA+A'Y =AY +YA-YBB'Y - YBB'Y,
using the Riccati equation this gives,

=YBB'Y -2YBB'Y = —-YBBY,
which implies the claim. Now, let @ = Y.ZY and consider,
A*Q+QA=(A-BBY)'YZY +YZY(A - BB'Y),

using the Bucy type relations, this gives

=[(2Y)"Y(A-ZC*C)ZY|'YZY +YZY(2Y) Y (A - ZC*C)ZY
=YZ(A-ZC*'C)'Y +Y(A- ZC*C)ZY

=Y(AZ + ZA")Y —2YZC*CZY,
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using the Riccati equation in Z, we obtain,
=YZC*'CZY —2YZC*CY = -YZC*CZY = —-C*C,

which implies the result. D
LEMMA 5.8. Let (A,B,C,D) € C2™. Let P, Q be the positive
definite solutions to the Lyapunov equations

AP+ PA*+BB* =0, A'Q+QA+C*C=0.

Let
AlBY _ I Al|B
clp ) =xr\\¢Ip ) /)"
Then,
0=A'Y +YA-YBBY,
0=ApZ+ ZAp — ZC*CZ,
with
Y =P},
Z = PQP.
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Moreover, Y and Z are the stabilizing solutions to these two Riccati equa-

tions.
Proof. Since,

QP[A'Y +YA-YBB'Y|PQ

=QP[(A+BB*P )P ! 4+ P-Y(A+BB*'P~Y) - P~'BB*P~1PQ

= QPA*Q+ QBB*Q + QAPQ + QBB*Q —~ QBB*Q
= Q(PA* + AP + BB*)Q

=0,
we have verified the first identity. Now with Z = PQP we have

AZ + ZA* — ZC*CZ
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= (A+BB*P—I)PQP+1{QP(A+BB*P-1)*—PQP(PQ)-*C*C(PQ)-IPQ;Q
= APQP + BB*QP + PQPA* + PQBB* — PC*CP
= (AP + BB*)QP — PC*CP + PQ(PA* + BB*)
= -PA*QP — PC*CP + PQ(PA* + BB*)
= -P(A*Q+C*C)P + PQ(PA* + BB*)
= P(QA)P + PQ(PA" + BB")
= PQ(AP + PA* + BB*)

=0,
which shows the second identity. Since
A—BB'Y = A+ BB*P! - BB*P1 =4,
which is stable and

A—ZC*'C=A+BB'P~1 - PQP(PQ)~*C’C(PQ)!
= A+ BB P! - PC*Cc(PQ)!
= PQ[A+ Q~'C*Cl(PQ)~! — PC*C(PQ)™*

= (PQIAPQ)™,

is stable, where we have used Lemma 5.5, we have shown that Z, Y are
the stabilizing solutions to the Riccati equations. 0O

We now state the main theorem of this section which shows that the
S-characteristic map is a bijection.

THEOREM 5.9. The map

Xs : ASE™ - CB™
is a bijection that preserves system equivalence. The inverse map x;l :

Ch™ — ASE™ is given by x;l = Ixs.
Proof. The proof is analogous to the proof of Theorem 3.10. O
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Following the examples of the previous sections we now introduce a
balancing scheme for antistable systems.

DEFINITION 5.10. A system (A, B,C, D) € ASE™ is called anti-stable
balanced if

A'T+XA-EBB*'Y =0,

AT+ ZA* -EC'CE=0,
for

Y = diag(o1ln,,021n;, -, 0kIn,), O01>02>:-- >0k > 0,

and T is the stabilizing solution to both equations. The matriz ¥ is called
the anti-stable grammian of the system.

We are again going to define a modified characteristic map. Let
(A,B,C,D) € AS5™ then define

. A|B\\ _ [ TYYA-BBY)T-Y/*|TY/*B
xs\\cp )]~ CZYT 17 A

where T := (ZY)*(ZY) and Z, Y are the stabilizing solutions to the two
Riccati equations. We have the following corollary.

COROLLARY 5.11. The map Xs : ASE™ — CP'™ is a bijection such
that, (A, B,C,D) € ASE™ is antistable balanced with anti-stable gram-
mian ¥ if and only if Xs((4, B, C, D)) is Lyapunov balanced with Lyapunov
grammian .

6. Diffeomorphisms. In the previous sections we have studied bi-
jections between various sets of linear systems. We are now going to show
that these maps are in fact diffeomorphisms.

We will need a new notation. To indicate the subsets of strictly proper
systems we append the additional subscript 0, e.g. Cﬁ:g’ denotes the strictly
proper systems in C5™. To indicate the subsets with identity feedthrough
term we append the subscript I, e.g. UC.'y" denotes the subset of U ,':3;"
with D = I.

These sets can be endowed with a topology by embedding them in a
natural way in Euclidean space. If we denote by ~ the equivalence relation
given by system equivalence then we consider the quotient spaces g/ ~,
Che [ ~, ... to be endowed with the quotient topology.

The key to our way of proceeding is a result by Delchamps [4], [5],[6]
that states that stabilizing solutions to Riccati equations are differentiable
functions. Similarly, the positive definite solutions to Lyapunov equations
are differentiable function of the system matrices. This implies that the
bijections that we have constructed are in fact diffeomorphisms. In the

same series of papers Delchamps also showed that BJ'G and ChYy are
diffeomorphic.



156

are

R. OBER AND P.A. FUHRMANN

From this discussion-we immediately have the following result.
THEOREM 6.1. We have that

Cﬁ’,g'/ ~ Bﬁ’,g‘ ™~ Lf:’,'(;l/ ™~ Ucﬁ:;)n/ ~ AS:,'('JH/""

diffeomorphic. Moreover,

Cog™ ) ~, Bug [ ~, Lyg' [~ ASpa" [ ~, UCRS" [ ~UCR{" ) ~,

are

(1]
(2]
(3]
[4]
(5

(€]
9
8]
(9]

f10]

f11]
2]
(13]

(14]

(18]

[16]

17

P/ ~

diffeomorphic.
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