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A NOTE ON THE EXISTENCE, UNIQUENESS AND
SYMMETRY OF PAR-BALANCED REALIZATIONS

Aurelian Gheondea* Raimund J. Obert

We give a proof of the realization theorem of N.J. Young which states that ana-
lytic functions which are symbols of bounded Hankel operators admit par-balanced
realizations. The main tool used in this proof is the induced Hilbert spaces and a
lifting lemma of Krein-Reid-Lax-Dieudonné. Alternatively one can use the Loewner
inequality. A short proof of the uniqueness of par-balanced realizations is includ-
ed. As an application, it is proved that par-balanced realizations of real symmetric
transfer functions are J-self-adjoint.

1. Introduction

Consider a (discrete time, time invariant) linear system (A, B, C, D) with contractive main
operator A € L(H), input operator B € L(U,H), output operator C € L(H,)), and
external operator D € L(U,)Y), where the state space H, input space U, and output space
Y are Hilbert spaces. With every linear system (A, B, C, D) there is associated its transfer
function G: p(A) — L(U,)) as follows

G(\) =D +C(\ - A)~'B, e p(A). (1.1)

Since the main operator A is assumed contractive, i.e. ||A|| < 1, the transfer function is
defined and analytic for all |A]| > 1.
Following the general theory, e.g. see [10], the system (A, B,C, D) is called observable

if for any h € H we have Y [|CA*h||* < co and the observability operator O defined by
k>0

Oh = (CA*h)k>0, hEMN,

is bounded and injective.

The system is called reachable,if for any (ux)k<o € £ the series 3° A¥Buy converges
= k<0

strongly in H and the reachability operator R defined by
R((uk)kso) = > A*Bur, (uk)k<o € &,
k>0
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is bounded and has dense range.

Whenever the operators O and R are everywhere defined, one can introduce the op-
erator H = OR. The operator H is called the Hankel operator associated to the system
(A, B,C, D). From the definition of the operators O and R, the operator H has the fol-
lowing Hankel block matrix representation &

~ i+j
H~(CA B)M_ZO, (1.2)
more precisely, for all u = (ug)k>0 € &, ¥ = (Yk)k>0 € £, we have

(Hu,y) > (CA™Buj,y:). (1.3)

320020

If the system (A, B,C, D) has bounded and everywhere defined observability operator
O, then one can define the observability gramian O*O. Similarly, if the system has bound-
ed reachability operator R then one can define the reachability gramian RR*. Following
N.J. Young [21], the system (A, B,C, D) is called par-balanced if the observability opera-
tor O and the reachability operator R are bounded everywhere defined operators and the
observability gramian coincides with the reachability gramian, O*O = RR*. This is a gen-
eralization of the notion of balanced linear system introduced by B.C. Moore [16] for finite
dimensional systems.

The above presentation corresponds to the internal, or, equivalently, the state space
representation of a system. Sometimes a linear system is given only in its ezternal repre-
sentation, that is, given U and ) Hilbert spaces we consider G: {z € C | |z| > 1} = L(U, DY)
an operator valued function which is analytic everywhere on its domain of definition and
at infinity. One can define another operator valued analytic function g: D — L(U,Y) by

o) = (6(2) - Gloo), Ial <1

Then g has the Taylor expansion on D

g(Z) = Z Skzka |Z| < 1’

k>0

where S, € L(U,Y), k > 0. Associated with the function G one can consider the block-
operator Hankel matrix

[Se S1 S Sk
S1 S S3 Sk41
Sy S5
H=1{ . (1.4)
Sk

The realization problem asks for the determination of a system (A, B, C, D), with some
state space H, input space U, and output space ) such that (1.1) holds. Observable



Ghcondea, Ober 425

and reachable realizations of transfer functions can be obtained by the so-called reduced
shift realization, e.g. see [10]. There was a problem for some time to prove that balanced
realizations for nonrational transfer functions exist, e.g. see {12]. The main result of the
paper of N.J. Young [21] is:

THEOREM 1.1 Let U and Y be Hilbert spaces and let G:{z € C | |2| > 1} — LU,))
be an operator valued function which is analytic on its domain and at infinity. If the
Hankel block-operator matriz in (1.4) defines a bounded operator H : €%, — E§~ then there
exists a realization (A, B,C, D) of G, corresponding to some Hilbert state space H, which
s observable, reachable and par-balanced.

The approach to the proof of this theorem in [21] is to use the restricted shift realization
and then to perform a state space transformation which yields the desired par-balanced
realization. The most difficult part of the proof is to show that the new main operator is
bounded and even a contraction.

The aim of this short note is to produce an alternate approach based on induced Hilbert
spaces and a slightly generalized lifting Lemma of Krein-Reid-Lax-Dieudonné. The ap-
proach with induced Hilbert spaces enables us to discuss the choice of the state space
from a different perspective. We notice that a slightly different argument making use of
the Loewner inequality, and inspired by the recent paper [15], can be used. Our interest
in Theorem 1.1 is due to sign symmetric transfer functions that we considered in [11],
where we used the induced Hilbert spaces and the Krein-Reid-Lax-Dieudonné Lemma in
the realization theory.

The material is organized as follows. In Section 2 we have a short discussion of induced
Hilbert spaces (for the indefinite variant see [5]), the generalized version of the Krein-Reid-
Lax-Dieudonné Lemma (for an indefinite variant, see [7]) and two other representations of
induced Hilbert spaces. Section 3 contains the proof of Theorem 1.1. In Section 4 we give
a short proof of the uniqueness of par-balanced realizations, see Theorem 4.1. Finally, as
an application, we prove that par-balanced realizations of real symmetric transfer functions
are J-self-adjoint. An appendix containing a correction of N.J. Young to his original proof
in [21], is also included.

The results discussed in this paper carry over to the continuous-time case using the
bilinear transform method of [17].

2. Induced Hilbert Spaces

Let us consider a Hilbert space (H,{(:,-)) and let A be a bounded positive operator on
H. A pair (Ka,11,) is called a Hilbert space induced by A if K4 is a Hilbert space and
IT € L(H,K4) has dense range and 113114 = A.

On H we consider the nonnegative inner product (-,)4 defined by

<$, y)A = (A.’L’, y), T,y € H.

Let H = H O kerA _and note that the restriction of the inner product (-,-)4 to H is
nondegenerate. On H we consider the norm ||4AY2 - || and let K4 be the completion of
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(H, ||AY2. lI) to a Hilbert space. In other words, the strong topology on the Hilbert space
K4 is induced by the norm [[AY2.||. Define ITj:H — K, as the orthogonal projection
Pyorera composed with the embedding of H © ker 4 into Ka. It is easy to prove that
3114 = A. Since IT has dense range, (Ka, I1,) is a Hilbert space induced by A.

Let now #; and #, be Hilbert spaces and A € L(#,),”’A > 0, and B € L(M3), B > 0.
Also, let T € L(H,,H,) be given and consider the induced Hilbert spaces (K4, IT4) and
(K, IIg). We say that the operator 7" induces an operator T € L(Ka,Kp)if TI, = MgT.
Equivalently, T ker A C ker B and denoting by T the corresponding quotient operator in
L(H, © ker A, H, © ker B) the operator T is bounded with respect to the norms ||4Y/2 . ||
and, respectively, {|B'/2 . ||. The operator T is then the extension by continuity of the
operator T and hence it is uniquely determined by T.

We now recall a result originally due to M.G. Krein [13] and obtained independently
by W.T. Reid [18], P.D. Lax [14], and J. Dieudonné [6]. An even more general indefinite
variant was obtained by A. Dijksma, H. Langer, and H. de Snoo [7), see also [4). The proof
of the statement below follows by using the same iterative approach used in the original
proof of M.G. Krein and the others.

LEMMA 2.1 Let H; and Hy be Hilbert spaces, A € L(H,) and B € L(H,) be positive
operators and let Ty € L(H1,H2) and T, € L(Hy, H,) be operators such that

<T11,‘, y)B = (IE, T2y)A7 T € Hla y€ H27
or, equivalently, BT\ = T; A. Then
IB*Tiz| < [T AY 2|, = € #,, (2.1)

and similarly

A2 Toy|| < |TTo)|?| B2y, y € Ha,
and hence, the operators T, and T; induce uniquely determined operators Tl € L(K4,KB)
and, respectively, T, € L(Kp,K4), such that

(Tlx, y) = (Z‘,Tgy), T c KA, yve KB.
Moreover, the norms of T\ and T, are bounded by |IT2T1[[*/? and |TYT3)|"/? respectively.

Let A € L(H) be a positive operator. Just from the definition it is easy to prove that
any two Hilbert spaces (K, IT;) induced by A are unitarily equivalent, that is, there exists
a (uniquely determined) unitary operator & € L(K,,K,) such that &IT, = IT,. We will
describe in the following two other representations of Hilbert spaces induced by a given
bounded positive operator. 4. Of course, they will be unitarily equivalent with the induced
Hilbert space (K4, Izd),,bqt each one has some gain, as well as some limitations.

EXAMPLE 2.2 Given A € [,(7-[) positive, we consider %4 = H © ker A with the scalar
product induced from the scalar product of #, and let 74 € L(H,H4) be T4 = A2, Then
(#H4,74) is a Hilbert space induced by A. Moreover, it is easy to prove that the operator
& defined by

KidoHokerAdzm &z =AY’z e H,

can be extended uniquely to a unitary operator @ € L(K4,H,4) such that DIT, = 74. 8
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ExXAMPLE 2.3 Fix again A € L(H) positive and define By = R(A'/?) with the scalar
product (-, -)s, defined by

(Al/2x7Al/2y)BA = (III, y)a T,y € H.

Then (Ba, {,")s,) is a Hilbert space. To see this, just note that we have made the operator
@ = AY2:H, — B, unitary. Define the operator IIs,: H — Ba by g,z = Az, z € H.
Then (Bg4, ITg,) is a Hilbert space induced by A and, in addition, the unitary equivalence
of H and By is given by & = AY? € L(H, Ba) such that ¥my = II5,. 1

The Hilbert space B4 as in Example 2.3 can be characterized in yet another way. Let
K be a Hilbert space continuously embedded in # and «: K < H be the inclusion. Then
A = u' € L(H) is positive and (K,¢) is a Hilbert space induced by A. Conversely, it
is easy to see from Example 2.3 that the Hilbert space B, is continuously embedded in
#H. These spaces were intensively used by L. de Branges (2], [3], and in a more gencral
formulation they were studied by L. Schwartz [19]. As operator ranges they were studied
by P.A. Fillmore and J.P. Williams [9] and it can be shown, cf. [19], that they are a
particular type of reproducing kernel Hilbert spaces, e.g. see Aronszajn [1)].

3. Proof of Theorem 1.1

Proof Let (-,-) and || - || denote the scalar product and the corresponding norm on the
Hilbert space Y. We consider the Hilbert space #%, of square summable sequences with
entries in U, endowed with scalar product also denoted by (-, -)

(f,9) =S (fes %), [ =(f)kz0, 9= (gk)rz0 € &,

k>0

Let the Hilbert space H = £2. According to our assumption, let H: £, — £ denote the
bounded operator defined by the Hankel matrix with operator entries H as in (1.4). We
consider (Aq, Bo, Co, Do) the right shift realization of G, that is,

G(Z) = Dy + C()(ZI - Ao)—lBo, ‘Zl > 1, (31)
where the operator Ag: H — H is the right shift

(Aof)k = { gf—l’ : i(l): f=(f)io€H= 2, (3.2)

the operator By:U — H = & is defined by

Bo=[10...o...]’, (3.3)
where t denotes the matrix transpose, the operator Co: H — Y is defined by

Co=[S 51 .. Sk -], (3.4)
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and the external operator is Dy = G(oo). Note that the operator Cy is bounded due to
the assumption on the boundedness of the Hankel operator H. Taking into account the
definition of the shift realization as in (3.2), (3.3), and (3.4) it follows that the observability
operator Op of the system (Ag, By, Co, Dp) has the matrix representation

d
-So S] Sz Sk
Sl Sz S3 “e Sk+1
S» S; ...
Oo=[Co Cody Co} .. ] = : =H. (3.5)
Sk

Similarly, let Ry be the reachability operator of the linear system (Ag, By, Co, Dy). From
(3.2), (3.3), and (3.4) it follows that the matrix of Ry is

100 0 .
070 0 .
0017 ..0...

Ry=[Bo ABo A3Bo ..|=|. . . (3.6)

-

Therefore, the reachability operator coincides with the operator of identification of £z with

H.
Consider the modulus |[H| = (H*H)"/? of the Hankel operator H and let (K, 1))

be the induced Hilbert spacc. The main construction of the par-balanced realization lics
in the ‘lifting’ of the system (Ao, By, Co, Dp) with state space H to the ‘induced’ system
(A, B, C, D) with state space Kjj;. To do this first consider the operator By € L(U, H) and
define By := |H|B, € L(U,H). Hence, with I, the identity operator on U, we have that

Boly = |H|By.

Therefore, by Lemma 2.1 By induces a unique operator B := By € LU, Kinp). Moreover
B = Iy By.
To deal with Cy € L(H,DY), let H = V|H| be the polar decomposition of the Hankel
operator H and let
Co=[I0 ... 0..]€L®D)

Then we have that

IyCo = CoH = (CoV)|H|.

Again by Lemma 2.1 Cy induces a unique operator C := Coe€ L(Ku,Y) and CITyy = Co.
The central part of the proof is to show that Ay € £(#) induces a unique contractive
operator A € L(K,y). Indeed, considering Aj the left shift on l§, then we have that

HAy = A}H. (3.7)
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To sce this, if f = (fi)k>o0 is an arbitrary sequence in # and g = (gk)kxo0 is an arbitrary
sequence in 3 then

(HAof,9) = Y (Sjsk(Aof)jrge) Do (Si+rfic1, 98)

. Jik20 J>Lk>0
= > (Sj+karfirge) = (A0H f, 9)-
2,k>0

This proves (3.7). Passing to the adjoints in (3.7) we get AgH*  H*Ay, and hence
H*H AJH'HA, H'H H'AA(H =H'(I AiAH 20,

where we used that AgAj < I since A, is contractive. Since H*H = |H |2 this can be

rewritten as
A\ H Ao < |H

Therefore, there exists a contraction Z € L(H) such that
|H|Ag = Z*|H| (3.10)
Applying Lemma 2.1 it follows that Ay induces a unique operator A € L(Km)- In addition,
I1H 2 Aoz]| < |Z Al NHI?2ll, = € H. (3.11)

Since the shift Ao and the operator Z are contractions, from (3.11) we also get by Lemma 2.1
that A € £L(Ku)) is contractive.

Having constructed the discrete-time system (A, B,C, D), D := D,, with state-space
K| and contractive A, we now need to show that this system has the required properties.
Let R be its reachability operator. Note that for n > 0

My ARB, = A"l By A"B.

Hence IIjyRou  Ru for each finite sequence u € lf;. Therefore R € L(I%,Kg)) and by

continuity
Iy Re = R.

Let O be the observability operator of (A, B,C, D). Since for n > 0
CA iy = Cllip Ay = CoAy
we have for z € H that Oljyjz  Opz. This implies that O € L(Kuy, lﬁ,) and that
. Olliy;  Oo.
Note that we therefore also have for the Hankel operator H

H OyRy OIRe=OR.

This shows that the system (A, B,C, D) realizes the same transfer function G as does
(AO) BO) CO) DO)
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It remains to show that the system (A, B,C, D) is reachable, observable and par-
balanced. We have that

RR" = Il Ro Ry I}y = I [T}y
since Ry = Iy. Let z;,y; € H and let £ = I|gz1, y = Hu;;yl. Then
(y, 0°Oz)kpy, = (M1, O" O gyz1)x

= (g1, M 0" Omz1 ) = (Y1, 0500z1)m = (U1, |H[*z1)%
= (yl,HrmHlHlHrmHIHle)H = (y, HIHIHI‘H|$>’C|H|'
Here we have used that Op = H and that |H| = IIjyILn). Hence on the dense subset
Iy M of K we have that
070 = Iy Iy
By continuity, this identity also holds on K. Therefore the system is par-balanced with
RR* = 0°0 = Oy Iy,

Since I}y has dense range in gy, this also implies that R has dense range. Therefore II, rHI
has zero kernel and hence O is injective. Thus (A4, B, C, D) is reachable and observable. 1

REMARK 3.1 As pointed out in the introduction, our proof has a number of similarities
with the approach taken by N.J. Young [21], e.g.We use the shift realization, etc. The main
difference between the two proofs refers to the construction of the state space: N.J. Young
uses the restricted shift realiazation and then a renorming while we construct the state
space at once and then use Lemma 2.1.

REMARK 3.2 The fact that the system (Ao, By, Co, Do) can be lifted to the desired par-
balanced realization can be also proved following an idea in Lemma 3.2 in Megretskii, Treil
and Peller [15] which uses the Heinz’s Theorem. This can be done as follows:

We consider the shift realization (Ay, By, Co, Do) as in the previous proof, let |H | =
(H*H)'/? be the modulus of the Hankel operator H and let (K,mj» Mymy) be the induced
Hilbert space. We now have to perform the ‘lifting’ of the system (Ao, Bo, Co, Do) with
state space H to the ‘induced’ system (A, B, C, D) with state space Kia|. For the operators
B, C, and D this is very similar with what is done in the first proof, with the difference
that we do not apply Lemma 2.1. For example, consider the operator By € L(U,H) and
note that

- I H ' Boul| < |H2|[[lull, weU,

and hence By can be lifted to a unique operator B := By € L(U,Kn|). Moreover B =
I Bo.

For the operator Cy € L(H,Y), let H = V|H| be the polar decomposition of the Hankel
opcrator H and note that Co = PyH, where ) is naturally identified with the subspace
Vo0& - @06 of &. Therefore

ICohll = IPyHR|| = |PyVIH|R|| < WHIZINHIR, he M =E,
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and hence C; induces a unique operator C := Co € L(Kiup,Y) and Clljy) = Co.

As in the proof, the main concern is to show that A € L(H) induces a unique contrac-
tive operator A € L(Kjx|). To see this, we first obtain the inequality (3.9) exactly as in
the first proof. As AgAy < I we have from (3.9) that

(A3lH|A)? < A3|H[?A4o < |HP%.
0

By Loewner’s inequality (this can be obtained also as a consequence of the Heinz’s Theorem,
see e.g. Theorem 9.4 in [20]) which expresses that the square root is operator monotonic,
and in conjuction with the uniqueness of the square root, we therefore have that

A|H|A < |H|.
But this immediately implies the claim since for z € Kig
Aozl = NHIY2 Aozl < (IHVzlln = Nzl

Moreover, Alljg| = II ) Ao-
The fact that the system (A4, B, C, D) is a par-balanced realization of the transfer func-
tion G follows exactly in the same way as in the proof.

REMARK 3.3 The fact that one can use the Loewner inequality instead of the Lemma
Krein-Reid-Lax-Dieudonné comes as no surprise since it can be proved that these tools are
actually in the same circle of ideas, e.g. see [8]. 1

REMARK 3.4 The par-balanced realizations are unique, modulo a unitary equivalence, cf.
[21] and the next section. In our proof of Theorem 1.1 we choose K|y for the state space.
The state space transformation in [21] corresponds to the state space H,uj, see Example
2.2. But, as Example 2.3 shows, a third choice is possible, namely the state space By
This has the advantage of working on the range of some operator, with no closure needed,
with the cost, of course, of a more involved topology. i

4. Uniqueness of Par-Balanced Realizations

In {21] N.J. Young proved that par-balanced realizations are unique, modulo unitary e-
quivalence. His proof relied on relating this uniqueness question to the problem of the
uniqueness of restricted shift realization and the closely related output-normal realizations.
Here we present an alternative proof of his result.

In the previous sections of this paper we assumed that the main operator A of a system
is a contraction. To allow for a somewhat greater generality of the following theorem we
drop this assumption. All other definitions are as before.

Two systems (A4;, B;, C;, D;), with state spaces H;, 1 =1, 2, are related by a state space
transformation if there exists a bounded operator T: Hy — H; such that

AIT = TA2, B1 = TBQ, ClT = Cg, D1 = D2. (41)

The two systems are called similar if there exists a similarity, that is, a bounded invertible
state space transformation T: Hz — H; such that (4.1) holds. If the similarity T is unitary
the two systems are called unitary equivalent.
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THEOREM 4.1 Let (A;, By, C;, D;) be discrete-time observable and reachable linear systems,
with state spaces H;, bounded observability operators O; and bounded reachability operators
R;, such that they are par-balanced, that is, O;O; = R;R;, i = 1,2. If both systems are
realizations of the same transfer function then the two systems are unitary equivalent.

Moreover, this state-space transformation is unique, that is, if U € L(Ha, H1) is the
unitary state-space transformation between the two systems and T € L(H2, H1) is a state-
space transformation between the two systems, then T = U.

Proof. Let H be the Hankel operator, associated as in (1.4) with the transfer function
G, which is realized by the systems (A4;, B;, C;, D;), i = 1,2. By assumption we have

H OiR, O;R,,
and therefore, using the par-balanced condition we get
RiR\RiR, RiO[O\R, H'H = R,0;0:R; = RRRyR5R,.
Since R}R, and R}R, are positive, using the uniqueness of the square root it follows that
RiR, |H|=RR,.

Therefore, there exists a uniquely determined isometric operator U:cl R(R;) — clR(R))

such that
R, = UR;. (4.2)

The reachability of the systems and hence the fact that the reachability operators R; have
dense ranges imply that U:H, — H,; is unitary. Since

Ri=[B; ABi A'B; .. AfB; ..], + 1,2,
this implies, by considering the first component in (4.2), that
B, =UB,.
Note also that
AR; [AB; AZB; AIB; ... AM'B; .., i 12

and hence
AIURQ = A1R1 = UA2R2.

Since R, has dense range and the operators are bounded, from here we get

AU UA..

Further, since
01UR2 = 01R1 H = 02R2,
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in a similar way we get

01U = 02.
As before, from here we obtain
ClU = C2.
That D; = D, follows from D, = G(o0) = D,. Hence the two systems are unitary

equivalent.
To show the uniqueness of the state space transformation U assume that T: H, — H,;
is a similarity state space transformation between the two systems. Note that

UR;=R, [TBy ATB, AITB; ..|=[TB, TA:B; TA}B, ] TR

Since R, has dense range and the operators T and U are bounded we get from here that
T=U.1

A consequence of this result in combination with the realization result is that the main
operator of any par-balanced realization of a transfer function analytic outside the unit
disk and with bounded Hankel operator is a contraction.

5. Real Symmetric Transfer Functions

A system (A, B, C, D), with state space H, is called completely J-symmetric if there exists
a symmetry J € L(H), that is, J is unitary and selfadjoint, such that (A, B,C, D) and
(A*, B*,C*, D*) are similar with similarity J, that is, JA=A*J, B=JC* and D = D".
In [11] we gave a direct proof of the existence of completely J-symmetric par-balanced
realizations of real symmetric transfer functions with bounded Hankel operator. Here we
give a proof of a sligthly stronger result than Theorem 6.2 in [11].

THEOREM 5.1 Assume the assumptions and the notation of Theorem 1.1 and, in addi-
tion, that the transfer function G is real symmetric, that is, G(z) = G(2)*, |z| > 1. Let
(A, B,C, D) be an observable and reachable par-balanced realization of G with state space
H. Then there ezists a unique symmetry J on H such that (A, B,C, D) is completely
J-symmetric. In addition, if O and R denote the observability and, respectively, the reach-
ability operator of the system then R = JO* and hence, the Hankel operator H of the
system admits the factorizations H = OJO* = R*JR.
If £ .= R*R = 00", then J commutes with X, i.e. JX¥ =XJ.

Proof. Let (A, B,C,D) be an observable and reachable par-balanced realization of G.
Since by the real symmetry of G the dual system (A*,C*, B*, D*) is another realization of
G

B*(z2I —A)7IC*+D* =G(Z)* =G(2), |z|>1
The standard duality results for linear systems imply that the dual system is also reachable,
observable, and par-balanced.



434 Gheondea, Ober

By Theorem 4.1 there exists a unique unitary state space transformation U € L(H)
such that
(A,B,C,D) = (UA*U*,UC*,B*U*, D).
Applying a state space transformation with U* to both these systems we obtain
(U*AU,U*B,CU, D) = (A*,C*, B*, D*).
Taking the dual system we have
(U*A*U,U*C,B*U,D*) = (A, B,C, D),

which shows that U* is also a similarity for the systems (A, B,C, D) and (A*,C*, B*, D*).
By the uniqueness of the similarity as in Theorem 4.1 we get U = U”, that is, U is
a symmetry and the system (A, B,C, D) is completely J-symmetric with J = U. The
uniqueness of J follows again from Theorem 4.1 and the fact that both (A4, B,C, D) and
its dual system are reachable, observable and par-balanced realizations of G.

Clearly we have R = JO* and hence the Hankel operator H of the system admits the
factorizations H = OJO* = R*JR. That J commutes with X follows since X' = RR* =
JO*0OJ* = JXJ* and therefore Y'J = JX. 1

6. Appendix

Our proof of Theorem 1.1 actually fills a gap in the proof provided in [21]. The proof in
[21] relies on Lemma 1, p. 461 in [21]. The Lemma is, however, only valid if, in addition to
the stated assumptions, the operator M is also assumed to be essentially selfadjoint. More
precisely, the proof of this Lemma, as provided in [21], proves the following statement.

LEMMA 6.1 Let M be a positive and essentially selfadjoint operator on a dense linear
manifold D of a separable Hilbert space M, let P € L(H) have zero kernel and let PMP!
be a contraction on PD. Then M itself is a contraction.

The additional assumption on M implies that the Lemma can no longer be used to give
a complete proof of Theorem 1.

In this appendix we reproduce an argument communicated to us by N.J. Young [22]
after receiving a preprint of this paper. In this argument the use of Lemma 1 in [21] is
circumvented. We use the same notation as in [21]. Briefly, the idea is to use the closure
of the operator A instead of A. To prove that this is possible, let T be the closure of the
operator A as defined in [21], p. 460. T exists since A* has domain D W/*H which is
dense. Then it is straightforward to show

WYAT* f = Z*WYAf,  f € D(T?).

Furthermore, extending the relation W'/4A = AW/* using closure, we obtain W4T f =
AWY4f for all f € D(T). For arbitrary h € D(T*T) we have Th € D(T*), and hence

WYATTh = Z* AWY/4h.

Thus WY4(T*T)W -4 is a contraction on WY4D(T*T). Since T is closed, T*T is positive
selfadjoint and hence the Lemma 6.1 applies to conclude that T is a contraction.
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