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Abstract. A method is presented to calculate state space realizations of a three-dimensional image set. It is
based on interpreting the image set as the impulse response of a 3D separable system. As an application it
is shown how this method, combined with approximation steps, including balanced model reduction, can
be used to suppress noise in three-dimensional image sets. The approach was motivated by a practical
problem in the analysis of three-dimensional fluorescent microscopy image data of fluorescently labelled
cells. The method is illustrated by an analysis of simulated data and experimental data. The proposed
approach can also be applied to a two-dimensional image in a straightforward way.
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1. Introduction

Fluorescence microscopy is widely used as a technique to reveal the location of
proteins in cells. Modern fluorescent labeling techniques allow specific cellular
proteins to be tagged by fluorescent markers. Imaging the cells with an epi-fluo-
rescent microscope reveals the location of the markers and therefore the location of
the specific proteins in the cells. To obtain information for the whole cell two-
dimensional images (frames) are taken at different focal planes. The resulting set of
images therefore forms a three-dimensional image set of the specimen.
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One of the problems of this methodology is that the signal level is typically very
low even when highly sensitive detectors are used [1]. In addition, the signal, i.e. the
photons emitted by the fluorescent tags, is itself a random process. There are also
various noise sources in the system ranging from scattered photons to readout noise
in the CCD camera [1]. This means that the acquired images have low signal-to-noise
ratios. Due to the optical properties of the microscope significant blurring can occur
because of the out of focus components of the sample [2], [3]. This blurring can be
removed by the use of deconvolution algorithms. However, the presence of noise in
the image sets is a notorious problem in the application of deconvolution algorithms
(see e.g., [4], [5], [6]. Therefore noise reduction in an image set is of significant
practical importance.

Many advanced signal processing techniques call for the use of state space models.
Therefore the question arises whether it is possible to also obtain a state space
representation for a three-dimensional image set as described above. In [7], [8], [9],
[10], [11] state space realizations are used for multi-dimensional filter design. Here we
will establish that it is indeed possible to represent a three-dimensional image set as
the impulse response of a three-dimensional (3D) separable system.

Balanced model reduction is an effective method to reduce the order of the system
represented by a balanced state space realization. It has also several desirable
properties such as an error bound and preservation of the stability of the original
system (see e.g. [12], [13], [14] for a review of some of the basic properties of balanced
realizations). The singular value decomposition of a data matrix is used in the design
of a two-dimensional filter [15] and is also employed in noise reduction for speech
enhancement (see [16] and references therein). In [17], [18] both singular value
decomposition and state space realizations are used in the design of a two-dimen-
sional separable-denominator digital filter. We show how an approximation of a
three-dimensional image set based on singular value decompositions of the corre-
sponding data matrices, combined with a balanced model reduction of the one-
dimensional components of the image set, can lead to a significant reduction in the
noise components of the image set.

The paper is organized as follows. In Section 2, we introduce some notation. In
Section 3, we present an algorithm to decompose a three-dimensional image set and
express it as the product of three one-dimensional vector-/matrix-valued compo-
nents. Then we discuss the use of a balanced realization algorithm to produce state
space realizations of the one-dimensional components of the three-dimensional
image set. In Section 4, we evaluate the algorithms with both simulated data and
experimental data. We draw conclusions in Section 5.

2. Notation

Shift operation. Let L = [L,,,,] 1<,<r, be a block matrix, where L,,, € R"*? for some
1<6,<T,

pog>1forall1 <t < Ty, 1<t <T, Then let L' be the (T} — 1)p x T>q matrix
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given by dropping the first block row of L, i.e. L' = [L; ,]i<,<r, 1 With L, ;, = Lit+1ys,

1<,<T,
forall 1<t <Ty—1,1<1t <T,, and let L' be the (T} — 1)p x T>q matrix given

by dropping the last block row of L, L! = [Lm]m,ql . with L, = L, for all
1<H<Ts
1<t <Th—-1,1<06<T, and let L be the p x szq matrix given by the first

block row of L, i.e. Lfr = [L1,7}1<Z7<T2 with Ll,2 =Ly, foralll <, < Ty, and let L
be the p x T»q matrix given by the last block row of L, i.e. L = [L,], <n<1, With
thz = Lp,, forall 1 <1, <T,. Then we have that

c=|5)=15]

be the T1p x (T> — 1)g matrix given by dropping the first block column of L,

1

Let

[L,][Z]l 1gr1g7{1 | with Elltz = Lfl(lz-H) forall1 <t <Ty,1 <t <T,—1,and
<H<Tr—

be the Tip x (T, — 1)g matrix given by dropping the last block column of L,

1.e.

let

hl ~) hT

ie. [ﬁ,l,z] 1<y, With ]:,1[2 =L, foralll1 <# <T),1<t,<T,—1,andlet
1<t,<T»—1

L be the Tp x ¢ matrix given by the first block column of L, i.e. LT = [L,, <r <7,
with I:,ll =L, forall 1 <1 < Ty, and let Lt be the Tp x ¢ matrix given by the
last block column of L, i.e. L = [ﬁtll]lgzlgn with ﬁ,ll =L, foralll1 <# <T.

Then we have that L = [L* L] = [L L%].

Root-mean-square error. For positive integers Ny, N», N3 and two three-dimen-
sional arrays P(ky, ks, ks), (kl,kz,k3) eER, k;=1,2,...,N;, i=1,2,3, the root-
mean-square error (RMSE) is given by

| N Ny N ) ) 172
E= | Pk],kz,k} —Pkl,kg,k3 .
9 3) DUUNNSEY WSS )
Identity matrix. /; stands for the identity matrix of size d x d. If the size is clear from
the context the subscript d is often dropped.

Diagonal matrix. If y, ..., ug are scalars or matrices we denote by diag(y,, .. ., ux)
the (block-)diagonal matrix with diagonal entries i, ..., ux.

Singular value decomposition. Let A be an M x N matrix. A singular value
decomposition of H is defined by the factorization H = UXV, where U, V are
matrices consisting of orthogonal columns and orthogonal rows, respectively, i.e.
U*U=1 and VV* =1, and their sizes are M x K and K x N, respectively, and
¥ = diag(oy,02,...,0k) > 0. Note that g;, i = 1,2,..., K, are the singular values.

Frobenius norm. The Frobenius norm of a matrix A4 is defined by
[|A||p = v/ Tr(A*A), where the superscript * denotes the complex conjugate trans-
pose and Tr(.) denotes the trace of the matrix.
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3. State Space Realizations of a Three-dimensional Image Set

The basis of the approach taken here is given by the following realization result, in
which it is shown that a finite multi-dimensional data set can be decomposed and
expressed as the product of the impulse responses of multiple one-dimensional multi-
input multi-output systems. A similar approach was used in [17], [18] to calculate the
realizations of two-dimensional data sets. In contrast to our finite multi-dimensional
data situation the theoretical results in [17], [18] primarily address the realizations of
infinite two-dimensional data sets.

THEOREM 1. For positive integers Ny, ... ,Np let Pk, k... .kp) €R,
ki=1,....,Ny, i=1,...,D, be a finite D-dimensional array. Then there exist system
matrices (A;, B;,C;), i=1,..., D, such that

P(kl,kz, .. .,kD) = Pl(kl)Pz(kz) . --PD(kD),

where P,(k,) = C,‘Ai—ciilB,' with C; € Rp[XIli, A; € R”ix,1i, B; € Rnixmi, ki = 1,...,N;,
i=1,....D.

Proof: For positive integers Ny, ...,N, let Q(ki, ks, ..., k), ki=1,...,N;
i=1,...,r, be an array with block entries. We now arrange the block entries of Q in
the following way as

o111y O(1,1,..,1.2) - O(L11,..,1,N,) Q(1,1,.,1,2,1) -
02,1, 1,1) 02,1,,12) - Q2,11 1LN,) Q21,0 1,2,1) -
Qr;: Q(37177171) Q(3a177172) Q(3a171371aNl) Q(35177172’1)

|O(N,1,...,1,1) Q(Ny,1,...,1.2) - Q(Ny, 1,1, 1LN,) Q(NYL L. 1,201 -

: Q(1717"'>1727Nl‘) Q(l5N27"'5N7‘72;N7‘71;N7‘) T
: Q(2717'~',1727Nr) Q(25N27“';Nr72;Nr71;Nr)
S OB L2N,) o QB3 Nav Ny N1 N,) | W

o Q(Nlal7"'7l727Nr) Q(Nl7N27”'JNl‘fzaNrflaNr)_

Note that the arrangement of the entries is such that all indices from the second
onwards are identical in all rows, whereas the first index increases from row to row.
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Let Q,=LR be a minimum rank decomposition of Q,, ie.
L(1)
L(2)
rank(Q,) = rank(L) = rank(R). The left factor L = ) is a finite block col-
L(Ny)
umn vector with N; entries. Therefore it has a realization (4,B,C), i.e.
L(ky) = CAM='B, k; = 1,...,N; [19]. The right factor R is a block row vector, i.e.
R=[R(1), R(2),...,R(N2N3---N,)].

We apply the just described approach to P to obtain the factors L and R. Denote
the left factor L by P; and its realization by (A4, By, C)), i.e. Pi(k;) = ClAlf'*lBl,
ki =1,...,Ny. The right factor R can in a natural way be associated with a block
array P g with indices k», ..., kp, i.c.

[ Pir(L,1,...,1) Pig(1,1,....2) -+ Pig(1,N3,...,Np) ]
Pir(2,1,...,1) Pir(2,1,...,2) - Pigr(2,N3,...,Np)
PlR:: PlR(3,l7...,l) PlR(371;~--72) P1R<3,N3,...,ND) (2)

P

1R(N2,1,....1) P1r(No,1,....2) -+ P]R(Nz,Ng,...,ND)_
(1) R(2)
R(N3N4---ND+1) R(N3N4"-ND+2)
._ R(2N3N4-~~ND+1) R(2N3N4ND+2)

=

_R((NQ—I)N3N4“~ND+1) R((Nz—l)N3N4-~-ND+2)

R(3) R(N3N4+Np)
R<N3N4"~ND—|-3) R(2N3N4-'~ND)
R(2N3N4---ND+3) R(3N3N4~--ND)
R((Nz—l)N3N4---ND+3> R<N2N3N4-~-ND)_

We therefore have obtained a decomposition of P as P(ky,ka,...,kp) = Pi(k1)Pir
(ka, ks, ... kp), ki=1,...,N;, i=1,...,D. Now the above decomposition can be
applied to Pjg. If we continue recursively we have

P(ky,ky, ... kp) = Pi(ky)Pa(ks) -+ Pp(kp),

where P,(k,) = C,’AéciilBi R ki = 1,...,N,', i= 1,...,D.
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Example 1. To illustrate the main ideas in Theorem 1 and to explain how a product
of three vector-/matrix-valued sequences can represent an array that cannot be
represented by three scalar-valued sequences, we will show how to decompose the
elements of a three-dimensional array P(ky,k», k3), k; = 1,2,3, i.e.

00 0 010
Pk, 1,ks)= |0 1 0|, Plk,2,ks)=|1 0 1],
10 0 0] 010
[0 0 0]
P(k1,3,k3)= |0 1 0|, kiks=1,2,3,
10 0 0]

into three vector-/matrix-valued sequences. We use such a small array to simplify the
calculation.

The first step in the construction introduced in Theorem 1 is to rearrange the
elements of P to form a two-dimensional array Q3 (Equation (1)), i.e.

[P(1,1,1) P(1,1,2) P(1,1,3) P(1,2,1) P(1,2,2) --- P(1,3,3)

0s=|P@2,1,1) P(2,1,2) P(2,1,3) P(2,2,1) P(2,2,2) --- P(2,3,3)

| PG,1,1) P(3,1,2) P(3,1,3) P(3,2,1) P(3,2,2) --- P(3,3,3)
00 0010000
=01 0101010
000010000

Then a minimum rank decomposition of Qs is performed. The results of the
decomposition depend on the method of the decomposition. Here, a very simple
decomposition can be obtained as

0 1
Pi(1) 0 1
Next, we assign Py := | P1(2) | := E ,
Pi(3) 01
where the block column vector P; is the first one-dimensional components of P, and
R:=[R(D|R2)|---|R(9)] := {g (1) 8‘(1)‘(1)‘(1) 8‘(1)‘8} We then rearrange the
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elements in R to form a block array Pig, which is naturally associated with the

indices k, and k3, based on Equation (2), i.e.

[PIR (1,1) | PIR (1,2)| PIR (1,3)
Pir:= | PIR (2,1) | PIR (2,2)] PIR (2,3)
| PIR 3.1) | PIR 3.2)| PIR (3.3)
o110 7

R# |RG)|R(6)
R(7) | R®)[ RO)

R() |R(®2)|RA) }

S OO =IO

S == OO
S OO =IO

Again, we find a simple minimum rank decomposition of P, i.e.,

0 1
0 0
1 0f]10]1
Pir=19 | {010}’
0 1
0 0
0 1
0 0
PZ(I) 1 0
and assign Py:= | P(2) | = 0 11 and P; := [P3(1)| P3(2)] P3(3)]
P2(3) 0 1
0 0

= [ (1) (1) (1)} , where the block column vector P, and the block row vector P3 are

the second and third components of the array P. In this case, we see that P; and P;
are vector-valued sequences, while P, is a matrix-valued sequence. Thus, we have
obtained a decomposition of P such that

P(kl,kz,k3) = Pl(kl)Pz(kz)P3(k3)7 k,' = 1,2,3, i= 1,2,3.

The next step involves finding state space realizations of P;, P, and P3. Such real-
izations are given by

01 0 0 1
A=10 0 1|, Br=|1 0], ¢, =[1, 0, 0],
00 0 0 1
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001000 0 1

000100 0 0

0000T10 10 100000
A2_000001’32_01’C2_[010000’

000000 0 1

000000 0 0
and

000 1 | |
A3:100,B3—0,C3[ 10}

010 0

Therefore we have
Pl(kl) = ClAllﬂilBla kl = 172737
Py(ky) = C2AS ' By, ky=1,2,3

and
Pi(ks) = C3457'By, k3 =1,2,3.

It is easy to verify that
Pk, ka, k3) = CLAN T B Cy A By Ci AN T By, ki ko ks =1,2,3. W

The proof of Theorem 1 gives a high level algorithm as to how to obtain a realization
for a finite D-dimensional array of data points. What is missing in this high level
algorithm is a particular method to obtain the factorizations of the data matrix and a
realization algorithm. While a number of choices exist we will use here approaches
based on the singular value decomposition and balanced realizations. The advantage
of using these methods is that model reduction and noise reduction can easily be
incorporated into the algorithm.

3.1. Decomposition of Three-Dimensional Image Sets

In what follows we present the first part of the algorithm, i.e. the factorization part,
in some detail. In the proof of the previous theorem a full rank decomposition
Q, = LR of a rearranged data matrix Q was performed. In our specific imple-
mentation we will use a singular value decomposition to carry out this factorization.
If it is not required to have a state space realization that completely matches the
data, but if noise reduction is desired instead, an approximate factorization can be
used that is also based on the singular value decomposition. Singular value
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decompositions of two-dimensional data matrices are also employed in noise
reduction for speech enhancement (see[16] and references therein) and the design of a
two-dimensional filter ([15]).

Algorithm 1. For positive integers Ny, N, and N3 let P(ky,ky,k3), ki=1,2,...,N;,
i=1,2,3, represent a three-dimensional image set.

1. Arrange the entries of P in a matrix Q3 as

FP(LLL) P(L1L,2) - P(1,2,1) P(1,2,2)
P21 P(2,1,2) - P(2,2,1)  P(2,2,2)
0,—| PGLL)  P(3.L2) - PR21)  P(3,22)
_P(Nhl?l) P(valvz) P(N17271) P(N17272)
P(173a1) P(1a3a2) P(laN23N3) i

P(25351) P(25352) P(25N27N3)

PG P(3.32) o PNy NS

P(N15371) P(N17372) P(N17N2aN3)_

2. Decompose Q3 via the singular value decomposition as Q3 = UlEi/zZ}/z V.

3. Partition £; = diag(ﬁl,ﬁll), U = [Ul, l}l], and V| = [?] conformally, where
1

ﬁ:l eRllxll’ 21 GR”X”, Ul GRNIXII, Ul c RN}X)‘], I}] c RIIXN2N3, I}l ERI‘IXN2N3 and
l1, r1 are positive integers.

Ly (1)
£ (2)
Let L= | L303) | = 0,82, and Ry = [RY(1),.... R} (N2N3)] : =527,
Lgl (Nl )
where L (ki) €R™ ky =1,... N, R} (i) e R i=1,...,N,N3, and r, denotes
the number of singular values (including multiplicities) that are dropped in the
approximation, i.e. the number of diagonal entries of £1. Then Q3 ~ Qg‘ =LY R} is
an approximate factorization. The factorization is exact for r =0, i.e.
0; = 0% = LIR.
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Py
P(2)

Let the block column vector P|' be P := PY3) | = LY where P} (k) € R
P (M)

ki =1,2,... . Ny.

4. Rearrange the elements of Ry to form Qs as

Q2(171) Q2(132) Q2(1v3) Q2(17N3) 1
Q2(27 Q2( ) Q2(273) Q2(27N3)
-+ 02(3,N3)

0r:= Q2(3,1) Q2(372) Q2(373)

| 02(N2,1) 02(N2,2) 02(N»,3) --- Q2(N2,N3) |

[ Ry (1) Ry (2) Ry (3) o Ry (N3) ]
R (N3+1) R (N3+2) RI(N3+3) - Ry(2N3)
_|  RY@Ns+1) R} (2N3+2) RI(2N3+3) - Ry (3N3)

LR} (N2=1)N3+1) Ry (N2—1)N3+2) R} ((N2—1)N3+3) -+ Ry (N2NV3) |

5. Decompose Q; via the singular value decomposition as Q> = UzZ;/ 22;/ 2 V.

6. Partition X, = diag(ﬁz, 22), U, = [Ug, &2], and V, =

ZZ] conformally, where
|2

3, e RE¥E 3, e R?*2 U, € RVhxk (ly is the number of the retained singular values

in step 3), Uy € RV1x12 7, ¢ REXN 1, € RN and Iy, ry are positive integers.

L3(1)

L7(2)

rn A A A ~
Let 17:=| L7G) | = 0,52 and R} = [RZ(1),... R3(N3)] =527,

L3 (N2)
where L3 (k2) eRV™E ey =1,..., N, R} (k3) € R ky=1,...,N3, and r
denotes the number of singular values (including multiplicities) that are dropped in
the approximation, i.e. the number of diagonal entries of X;. Then
0> = QY := LY R} is an approximate factorization. The factorization is exact for
r=0,ie Q= 09=LIRY.
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PE()
P%*(Z)

Let the block column vector Py be Py := P (3) := L% and the block row vector
P2 (N,

Py be  PYi=[P7(1), PR(2), ..., P3(N3)]:=RY, where P%(ky) e R,

ky = 1,2, ..., Ny, and P’;(]Q) € R/ZXI, ks = 1,2,... , N3.
In Algorithm 1 an approximate decomposition of the image data points is obtained

P(ky, ko, k3) = P (ky, ko, k)
= Prll (kl)PIZZ(kZ)sz(k3), ki = 1,2, cee 7Ni7 i= 1,2, 3;

where r; and r; are the numbers of the dropped singular values in step 3 and step 6.
If the image set P is noisy small singular values will be corrupted by noise. Since
those small singular values are dropped during the approximation the noise level of
the estimate significantly reduces.

If no approximation is carried out, i.e. if r{ =r, =0, we have the exact fac-
torization

P(kl,kz,k3) = PO’O(kl,kQ,k3) = P(l)(kl)Pg(kz)Pg(]Q),
ki=1,2,...,N;, i=1,23.

It is important to note that the dimensions of the three components P (k;), P (k»)
and P7 (k3) typically differ significantly and depend on the numbers of the retained
singular values in step 3 and step 6. In general, P} (k) and P (k3) are vector-valued,
whereas P7 (k») is matrix-valued.

3.2. Balanced State Space Realizations of Finite One-dimensional Sequences

In the previous subsection the three-dimensional image set was decomposed into
vector-/matrix-valued one-dimensional components. In this subsection a state
space realization will be calculated for each of these components. Since each
component is a finite sequence the existence of a state space realization is
guaranteed by fundamental results in realization theory (see e.g. [19]). Among the
choices of potential realizations we will use balanced realizations [20], since they
are also highly suitable for purposes of model reduction. The particular realiza-
tion algorithm that we use is a modification of Kung’s algorithm (see [21], [22]
for a detailed discussion of Kung’s algorithm) that is based on singular value
decompositions of the Hankel matrices associated with the one-dimensional
components. The proposed modifications guarantee that we obtain exact state
space realizations for any finite one-dimensional sequences, and approximate state
space realizations can be easily obtained from the exact state space realizations.
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Algorithm 2. For positive integer N let P(i) € RP*™ i=1,2,..., N, be a finite one-
dimensional sequence.

1. Construct the (N + 1)p x (N + 1)m Hankel matrix
P(1) PR2) --- P(N—1) P(N) 0
P(2) P(3) --- P(N) 0 0

H=| S
P(N) 0 - 0 0
0 0o - 0 0

where 0 denotes a block of zeros of size p X m.
2. Let H= UZV be a singular value decomposition.
3. Partition T = diag(X,%2), T; € R™", Iy € R™, U = [Uy, Ua], Uy € RVTIP=n,
U, € RVHDPXS - qpd v = 11;1 , Ve RWEDm e ROXNEDM  conformally. We
2
also allow for the partition in which the second components are empty, i.e. s = 0.
4. Let C° € R be the first p rows of U1 Z 1/2
5. Let B* € R™™ be the first m columns on /2

Uy,
6. Let Uy = U:l , where the block rows U,lll eRP*" forallty =1,..., N+1,
_UNi
U(1N+1)1
0y gt
and U{ = : and U{ = (for a formal definition of the shift operation
UEN+1)1 Uy

see Section 2). Then let A® be the solution of the following least-squares problem
172 1/2 1/2 1/2
IO = () lp = inf ([0 X = (0[],
and A* € R™" can be calculated as
4 =3 "Pultuls)”.
In the following proposition we collect a number of properties concerning the reali-
zation obtained from the previous algorithm. While similar results ([11], [21],[23]) have

appeared in the literature the specific combination of some of the results presented here
appears to be new. In addition, we also discuss the situation concerning an exact state



STATE SPACE REALIZATION OF A THREE-DIMENSIONAL IMAGE SET 19

space realization (when s = 0) and results on the relationship between the exact state
space realization and an approximate realization (when s # 0).

Proposition 1. For positive integer N let P(i) e RP”™ i=1,2,...,N, be a one-
dimensional sequence. Then

L. if(4°, B, C%) is a state space realization of P calculated via Algorithm 2, then,

A = 2—1/2U1* UT21/2

is the solution of the following least-squares problem, i.e.

iz as — (Uil = inf

1/2 1/2
nf [[(UE)X = ()]

2. we have that

12

A =3 Pyl ulsl? = 2127 7 s (3)

and A° is also the least-squares solution such that

1422V ) =52 Villp = inf (IX(E2V) -2l

R

3.if (4%, B°, C°) is a state space realization of P calculated via Algorithm 2 when
s =0 and, based on the sizes of the matrices used in Algorithm 2, we rewrite

Un
U= U: , where the block rows U, € RS for all 1 =1,... N+1,
N
Ui

V=[Wn Vi ... Vivgiy, where the block columns Vy, e RUHS>M - for all

Ua Un
«— _ _
h=1,...,N+1, and have U' = : LU= 0 LV =V o Vi)
Ui Uni
and V = Vi1 ... Vin] (for a definition of the shift operation see Section 2), then

(a)4° = 712U UTS2 s the exact solution of the linear equation

A2V =32
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(b) A° = 212Ul Us 2 is the exact solution of the linear equation
(Uzl/Z)lAO — (Uzl/2)T
(c) the controllability matrix and the observability matrix are
CO
c%4°
2
CUA%)" | = uz"2and [BO AR (49280 ... (A"VB| =12,
o4
respectively. .
(d) (4° B°, C°) is a minimal and stable realization and (4°)' =0, i > N.

(e) the system (A°, B°, C°) is a realization of the sequence P, i.e.

P(k) = CO(AO)/HIBO’ k=1,2,3,...,N,
and

COAY'B =0, k>N
(f) (4°, B°, C°) is a balanced realization, i.e.

AP, (A% — P, + B"(B°)" =0,
(AO)*QgAO — Qg+ (CO)*CO =0,
where Py = Q, = 2.

4. if the exact realization (A°, B°, C°), i.e. s =0, and the corresponding Gramians
are decomposed conformally as

o_ |4} 4} o [BY 0 0 0 Cn o
A —[Agl A9 | B’ = BY| c’=[c] ()], and == 0 s,

such that
040 0 o] AN AL 040 040 040 040
C'A” =[C] )] A9 A = [Cy Ay + Cy Ay, Ci Ay, + Gl Ay,

and

cw[4 A1) [
Ay Ax B Ay By + Ay B;
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with X, € R**% for some integer s, > 1, and (A%, B, C*) is the realization
obtained via Algorithm 2 for the same s,, then
(a) we have

A =4, B*=B), and C*=C}.
(b) the realization (A%, B, C%) is minimal and asymptotically stable and we have
AL (A%)" — £y + B*(B*)" <0,
(AS”)*ZlA‘Y” — 21 =+ (CS“)*C'Y” SO
Proof: 1. Let H= UZV be a singular value decomposition. Based on the sizes of
the matrices given in Algorithm 2 we have that ¥ € RU+)x0+9) 7 ¢ RIN+Dpx(n+s)
1
and V' € RUHIXN+UM T et 7 and V be partitioned as U = Ll/]b and V=V VL]
(for a definition of the shift operation see Section 2), where UL € RP*") and

VL" c R(m-ﬁ—s)xm. Then

[P(1) P(2) --- P(N—1) P(N)| 0]
P(2) P3) --- P(N) 0
. . . . = H
P(N) 0 0 0
|0 0 0 0
UV | Ulspite
U o=
:[UL’}E[VH/L‘]—
ULsV | Ut syt
Therefore, we have
- Iy e
0=[UZV | UlzvE]) = URZY, 0= [%m = Uzrt,

where 0 denotes a block of zeros of appropriate sizes. Hence,

Ut =UM(EyrEth) = (UhE) 1T =0,
v =(z-'vruz)rt = 2'Ur(UErt) = 0.

Consequently,
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TP(1) P(2) - P(N—1) P(N)| 0] B
P2) P(3 P(N) 0o |o UV o

H: E = s
P(N) 0 0 |0 o | o
00 » 0 | 0]

and
Ll gl Loy /L e e U \
URUl =URU (U U = [0 (U ]) | = U U=

*
Similarly we have that VV =1 Considering the partition used earlier we have that
U' = [Ul, U], where Ut is a Np x n matrix and Uy is a Np x s matrix. Therefore, we
have that

Uy'Up Ui

= U} U'[U} U] = U0 = 1.
Uﬁ*U{ U%*U% [ 1 2][ 1 2]

As a result, we have Ul UY = I, US' UL = I, UY'UL = 0 and US UL = 0.
Let X, € R™" be the solution to a least-squares problem, i.e.

inf ||[EX — F||. = ||EX, — F||»
inf ||EX = Pl = ||EX, - Fl|,

If E has full column rank then X, can be calculated as [24] X, = (E*E)71EF. Let X
be the least-squares solution such that

1/2\1 v 1/2 . 1/2 1/2
=) X = @) = il 10X = (02 ],

where (UlZ}/z)T = UIZi/z and (UIZ}/z)l = U{Z}/z. From the previous discussion we
know U{ consists of orthogonal columns and X; has full rank. As a result, (U121/2)l

has full column rank. Therefore, we have

X = (/" uzHh sy
1/2 * 1/2\— 1/2 * 1/2
= (x/Pululs/?) ' 2oty
=3's/Pupulsy? = 5o ol
= A"
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F,
2. Let us decompose the matrices U and V as U = [l{ﬁ } and V = [Vt 7], where

UFr € RP*"9) is the first block row of U and Ve € R"+)*" is the first block column
of V (for a definition of the shift operation see Section 2). We have

- P(1) P2 P(N—1) P(N)| 07
P2)  P(3 P(N) 0 |0
gl : :
P(N—1) P(N) 0 |0
P(N) 0 0 |0
L0 0 - 0 | 0]
- vlzyt | UV
SUE= {UL }Z[ = s sy @
Similarly we get
- P(1) PR P(N—1) P(N)| 07
P(2 P(3) P(N) 0|0
gl : :
P(N—1) P(N) 0 |0
P(N) 0 0|0
L0 0 0 0]
U o o _ | UREV | UFEVE
i [UT}Z[V Vel= {UTEI_/) } UTZVL«}' ©)

Note that the (1,2) block of H in Equation (4) equals the (2,1) block of H in
Equation (5). Therefore,

U'SV =U'SV. (6)
- «—
We substitute ¥ = diag(X,,%,), U'=[Ul U], U =[Ul U], V = %1 and
— 2
V= ;1 in Equation (6), where, from the partition discussed earlier and the
2

notation defined in Section 2, the Np xs matrix UT is given by dropping the first
block row of U,, the n x Nm matrix V' is given by dropplng the first block column
of V1, the n x Nm matrix V1 is given by dropping the last block column of V, the
s X Nm matrlx Vz is given by dropping the first block column of ¥, and the s x Nm
matrix Vz is given by dropping the last block column of ;. We have that
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UL, V) + USS, V) = UlS, V) + UL, 7, (7)

Using U{* U{ =1 U{* Uﬁ = 0 and multiplying 2;1/2 U{* on both sides of Equation (7)
we get

5PV =5 P Uls T s P UL T, ®)

Usmg the fact that V1 Vl =1, Vz V1 = 0 and multiplying both sides of Equation (8)
with V 0 12 we get

—1/2

2TV s = 5 P ubulsl? = 4

The solution to the least-squares problem, i.e.
— — —
X227 =22Vl = inf [IX(Z2V0) — 22T,
is given by

— —_— % N\ —
X, ==V PV (Y ><21/2?1>) !
_ 21/271(21/21/ ) ( 1/2 72 V 1/2)71

_z:/2<— —¥ 1/22 1 :/2(— —¥ 71/2

ViV,z ViV, =

3(a). When s = 0 we have £; = X, U; = U and V| = V. With direct substitution,
Equation (3) becomes

AO — 271/2 UL* UTZI/Z.

Using that U¥*U' = I we have from Equation (6) that

2y = 1 2u(UiE V) = 22U (UIEY) o
= (PURUIEVAEVAY = A3V
Therefore, 4° = T '/2U*U'2'/? is the exact solution of IRV = 45127
3(b). Using Equation (9) and the fact that VV =1 we have that
A = ('SP s = 32 e, (10)

Then making use of both Equation (6) and Equation (10) we have
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U'SY? = (UIsT)V =2 = (U'sV) TV =12
— U AEPYV ) = Uis AL
Therefore A° is also the exact solution of the equation (UZ'/?)'4° = (UZ'/?)".
wi
w
3(c). Let us rewrite UX!'/? = :2 , where w; € RP*™ j=1,2,...,N+ 1. Since

WN+1

C" is the first p rows of UX!/? we have w; = C°. Because A° is the exact solution of

1) wi
w3 11%)
= | .7 | 4° we have w; = w;_14°, i=2,3,...,N+ 1. As a result,
WN+1 wN
CO
0 40
Us'/? = 4
CO(A%N

Since A° is also the solution of =V/27 = 4°T!2 we similarly have that
22y =[B* A°B° ... (4")"B).

3(d). We have

and it has been shown that U = 0 in the proof of Proposition 2 part 1. As a result,
C%(4%"Y = 0. Similarly, we have that (4°)¥B° = 0. Therefore,

rank([B" A°B° ... (AOV'B%)) = rank(Zl/2V) = rank(X)
CO
Cc4°
= rank(U'Z'/?) = rank

CO(A.O)N71



26

Since ¥ has full rank (4°, B°) is controllable and (C°, A°) is observable. Hence the

realization (4°, B°, C°) is minimal.

Since C%(4°)" =0 and (4°)¥B® =0 we also have C°(4°)'=0, i> N, and
(A°)'B° =0, i > N. As a result, we have (4°)"[B" 4°B° ..
[B° A°B° ... (4°)V"'B% has full row rank we have (4°)" = 0. Consequently, we

also have

(A" =0, i> N.

OBER ET AL.

(AN = 0. Since

Therefore, the realization (4°, B°, C°) is asymptotically stable.
3(¢). When s =0

As a result, the system is a realization of the sequence, i.e.

rP(1) PQ2) --- P(N—1) P(N) 0
P2) P(3) ---  P(N) 0 0
P(N) 0 . 0 0
L 0 0 iy 0 0
-

C04°

: [BO AOBO (AO)N—IBO (AO)NBO}
CoANHN!
L o)™
s COA°B"  CO(A%)*B°

COAOBO CO(AO)ZBO CO(AO)3BO

CO(A%)?B"  CO(A°)°B" (C(4°)*B°
COANN' RO 0
0 0

P(k) = CO(4%'B", k=1,2,3,...,N.

0 0
0 0
0

0 0

From Proposition 1 part 3(d) we know (Ao)i =0, i > N. Therefore,

COAN B =0, k>N

3(f). The observability Gramian P, and the controllability Gramian Q, can be
calculated as
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o0

P = S (A B (A B = S (A0 B ()

k=1 k=1
=22pE2py =z >0,
Q; = i(CO(AO)"")*(CO(AO)"") = EN:(CO(AO)"’I)"(CO(AO)"’I)

k=1 k=1
= (U U =2 > 0.

Therefore, P; = Q, and the Gramians are diagonal, which shows that the system is
balanced. That the Lyapunov equations hold is a standard result.
4(a). We know

[eye]

1/2
S0
[C) 4 | = Uz = U, Uz]{ o 22] =[Uz)? 1,5Y?),

and

B) 40 B =312y = Z 0 v M| _ 21/21/1

B) B) 0 % Va =2,
B¥ definition C% is the first block row in U12i/2 and B’ is the first block column in
21/ V. Consequently, C%=C O and B% = B). Since A4° is the solution of
(U2 = (UE'?)' 4° we have that

12 2 12 120 A9, A9
() = () s A ]
21 22

As a result,
1/2 1/2 1/2
(UE)) = ()4} + (02, 4. (11)
Rearranging Equation (11) yields
1/2 1/2 1/2
(Ulzl/ )lA(l)l = (Ulzl/ )T - (U222/ )lAgl'
Using that U{* U% = 0 we therefore have

—1/2 5% 1/2 —-1/2 * 1/2 —-1/2 * 1/2 ;
A}, =% / Ui UIZI/ -Z / Uy UﬁZ/ A3 =%, / U UIZI/ =A%



28 OBER ET AL.

4(b). From Proposition 1 part 3(d) and Proposition 1 part 3(f) we know
(4° B°, C°) is a minimal, stable and balanced realization. Therefore, the realiza-
tion (A%, B%, (%) is minimal and stable [25]. From Proposition 1 part 3(f) we have
also

AP, (A% — P, + B"(B%)* =0,
(A°)" Q4% — O, + (C%)*C° =0.

Considering the partitions of the realization (4°, B°, C°) we have
0=A"P,(4°)" — Py + B"(B")"
_ A(l)l A(l)z [21 0 } A(l)l A?z { ]
Agl Agz 0 X Ag1 Agz 0
[ ANZi (A7) + ABTa(47)" — Iy + BY(BY)
AY T (A7) + AREa(AY,)" + BY(BY)
ANZ(45)" + ANEx(45,)" + BY(BY)
A3 T (A5))" + A5,25(4%,)" — Zo + BY(BY)'

B
B

Since A% = A, C%=C) and B* = B) and A4Y,%,(4Y,)" > 0 we have

AT (4%) — Ty + B(B) <0
Similarly, we can show

(A%) 4% — %) 4 (C)"C* < 0. [
Note that a number of modifications of Algorithm 2 are possible, although with

many of the modifications the results of the previous proposition no longer hold. For
example, the Hankel matrix can be constructed as ([11])

P(1) PQ2) -~ P(N—1) P(N)
PR PR PN 0
H= : : : :

PN) 0 - 0 0

Let us denote by (4°, B*, C*) the system obtained from Algorithm 2, if the Hankel
matrix H is used instead of the Hankel matrix H.

It follows from the proof of the previous proposition that if # = UZV is a singular
value decomposition of H then H = UXV is a singular value decomposition of H,
where U := U and V := V. Now let us partition these matrices as U= [Ul Uz],
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I [201 20 } V= {;1 ] Since the first block rows of UlZl/z and U121/2 coincide
2 2

we have that the B matrices agree, i.e. B = B'. Similarly, since the first block
columns of X, 172 V| and %, 12 V, coincide we have that C* = C°.

However, in contrast to the B and C matrices the 4 matrices typically differ. The
last block row in U is not necessarily zero. Therefore, U is, in general, not a matrix
with orthonormal columns. As a result, although A® is the least-squares solution of
the following problem

(O A — (Ol = inf (/)X — (02|, (12)

XeR""

it cannot be calculated by usmg Equation (3) Consequently, 4° is in general not the
exact solution of (U 21/2) = (U, 21/2) , even when s =0. This implies that if
Algorithm 2 is based on the Hankel matrix H instead of H, in general, we cannot
expect to obtain an exact realization.

To examine the connection between 4* and 4° and applying the shift operations

R 7l
defined in Section 2, we first decompose U; = [(I]]L ] where UL RP*" is the last
1

block row of U;. We also know U; = Ul and UT [((])1 ] From Algorithm 2, if

(UIZI/ 2) has full column rank the least-squares solution 4* of Equation (12) is
calculated as

(Z]/zUl*UlZl/z) Z:/ZUi*(U 21/2)
1/2 * —1/2¢1/2 5] % 1/2
=X / (U% Ub Z /21/ U{ (Ulzl/ )T
—1/2 / 50% 75— 1 751% 15 1/2
=X / (U% U%) 1U% UIZI/ : (13)

From the previous discussion we know

SAE ~LoN* 75, Ul i Ul
otot+@hyor=| 5| | 5| - v =
1 1

As a result we have U*Ut =1, — (U)"U*. Based on the well-known matrix
inversion formula [19]

(A+BCD) ' =4 — A 'B(DA'B+ C ") 'Da7 !,

provided matrices 4 and C are invertible, we rewrite
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(U0 =l = (U7 U7) ™ = (I + (=07 LUT)
1y (OF) 1~ O (08 O 14
Replacing the term (U%* U{)*1 in Equation (13) by Equation (14) yields
AAX 221—1/2( + (UL,)*(I . ULT(UL") ) UL )UL*UTZI/Z
=z, "Pot ol + 220 (1, - O (o) ok ob ol sl (15)
We also have

*

Ul
AL,
Ul

Ui
0

4 Z_l/zUl*UTZI/Z 2_1/2 2}/2:2_1/2U1*UT21/2

which is exactly the same as the first term in Equation (15). Therefore we can write

A=A+ 32 O7) (1, = U (0)) T OO U1 (16)
The second term in Equation (16) becomes zero, if U = 0. In that case we have
A = 4.

If we define 4* as the solution to the modified least-squares problem such that

osroe- [

= inf
F XeR

A 1/21
iz} - [0

F

then we have that

12
7 ((UIEI/Z) UEI/Z) (0, 21/2) (UlE/) 1
0
1/2 7 5 <o1/2 12 | (U1Z 1/2)
= & oo g0

=s'5/2or (OF)

1/2
(0:2%) ] _ 3ROk Osl g
0

This shows that if in Algorithm 2 the Hankel matrix H is replaced by the Hankel
matrix H then this modified least-squares problem has to be solved in order to obtain
the same realization as in Algorithm 2.

Algorithm 2 does provide not only a numerically stable way to obtain an exact
realization for a finite one-dimensional sequence. It is well-known that reduced
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order balanced realizations have a number of interesting properties (see e.g. [12],
[13], [14]). A further important property is that reduced order balanced realizations
can be used to perform noise suppression on a sequence of noise corrupted data
points. Due to the presence of noise in the sequence, the insignificant states of the
full order state space realization are corrupted. By excluding those states via bal-
anced model reduction, we effectively reduce the noise level in the sequence. This
property has been successfully used in a number of applications including NMR
spectroscopy (see e.g. [26], [27]) and surface plasmon resonance analysis of protein—
protein interactions [28]. It is this property of noise suppression that we will also
employ here in order to suppress noise in a three-dimensional image set.

3.3.  Calculation of State Space Realizations of a Three-dimensional Image Set

For positive integers Ny, N, and N3 let P(ky, ky, ks), ki =1,2,...,N;,i=1,2,3, be a
three-dimensional image set and assume that its data points are decomposed as

P(k],kz,/@) ~ Pr"'rz(kl,kz,lq) = P’il (k])sz (kz)sz(/Q),
ki=1,2,....,N;, i=1,2,3,

via Algorithm 1 with some parameters r{ > 0 and r, > 0. For the one-dimensional
components P}', P72, and P} of the image set and for appropriately chosen reduction
parameters s, s», and s3 approximate realizations (4", B}, C}'"),
(45, BY™, C3™) and (4™, BY™, C7™) are derived using Algorithm 2. Note
that r; and r, are the numbers of the discarded singular values in step 3 and step 6 of
Algorithm 1. s1, s, and s3 are the numbers of the dropped singular values in step 3 of
Algorithm 2, when the state space realizations of the three one-dimensional sequences
are calculated. From Proposition 1 it follows that these realizations are minimal and
stable. In this way approximations of P|', P}, P} are obtained by setting

PT ~ Pll'l;SI (ki) == Clil:,Sl (Alil;M)krlBrl‘l;m’ ki=1,2,...,Ny,
PR~ P (k) i= O (AP B ey = 1,2, Ny,
PP PP (k) i= CE (AT By = 1,2, Ns.
It is clear that the numbers of the dropped singular values are closely related to the

accuracy of the approximation. Therefore, the estimate of the three-dimensional
image set P is denoted as P"'"2%12:% " and calculated in the following way

P(ky, ko, ks) =P (K ko, k)
::P11‘12,51 (kl)szi,Sz (kz)sz;&s (kB)
:Cll‘l;sl (Arllm )kl—lB’l'l 81 C;z;sz (A;z:Sz)kz—lBgz;Sz ng;fz (Iélgz;s,z)kz—lB;z;ss7
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ki=1,2,...,N;, i=1,2,3. If in neither of the two algorithms approximations are
carried out we have an exact estimate of the image set given by

P(ky, ko, kz) = POY0O0(fey ko kes) = PO (key ) YO (Fea) PO (kes)
_ Cv?;O(A(l);O)klflB(l);Ong;O(Ag;())kgflBg;OC«(;;O(/4(3);0)1(371Bg);()7
ki=1,2,...,N;, i=1,2,3.

From Proposition 1 part 3(¢) we have that

PO’O:O’O‘O(k],kz,]Q) _ C?;O (A(l):,O)Iq—lB(l);OCg:O(Ag;O)kz—lB(Z);OCg;O(Ag;O)kz—lB(S);O =0,

if k; > N; for some i = 1,2, 3, i.e. the realizations are such that the estimate is zero
for indices outside those that describe the given finite data set P. From Proposition 1
part 3(d) and Proposition 1 part 3(f) we have that the realizations (4%°, B, ¢%9),
i=1,2,3, are asymptotically stable, minimal and balanced. It also follows from
Proposition 1 part 4(a) that the approximate realizations (4", B, C|'""),
(A%, BY™, Cy™) and (A47™, BY™, C'%) are easily obtained from the corre-
sponding full order realizations (47, By, ), (47, B, %) and
(Ag”'o, Bg”o, ng;o) by performing a balanced approximation step. This is a com-
putationally very simple way to obtain an approximation, if the realization of the full
order system is given.

Besides the capabilities of obtaining the exact state space realizations, the
proposed method can be used to suppress noise with properly chosen approxi-
mation steps in Algorithm 1 and Algorithm 2 as mentioned in Section 3.1 and
Section 3.2. The use of these approximation steps will be discussed in more detail
in the following section.

For a given three-dimensional image set the assignment of which spatial dimension
corresponds to which index in the image array P is a matter of choice. The actual
performance of the approximation algorithms can, however, in general not be ex-
pected to be independent of the particular choice that is made, in part due to the
different sizes of the three one-dimensional components of the image set. We have
found that, for example, for microscopy image sets it is often advisable that the
middle index &, corresponds to the optical axis, if fewer data points are available in
this direction than in the others.

4. Results

In this section the previously presented algorithms will be illustrated with two
examples. First, a simulated image set will be processed. This is followed by the
analysis of a fluorescent microscopy image set.
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4.1. Simulation of Three-dimensional Image Sets

We simulated an image set of three balls (one with radius 500 nm and two with
radius 300 nm), since organelles in a cell often have a similar appearance. The images
of balls were generated from an analytical description in the frequency domain [29]

) =27 R\ /wi+wi+wicos(2n R/ wi+wi+wd)+sin(2nRy/ wi+w3+w?)
3 Y

H3(wi,wa,w3)=

2 22
T nl—+—w2+w3

wi, wp, w3 € R, where R is the radius of the ball. To avoid Gibbs effects the image
set was convolved with a three-dimensional Gaussian filter whose standard
deviation is 1 pixel. The simulated noise-free image set consists of 30 images each
being a 60 x 60 pixel array. The images are assumed to be 50 nm apart along the
optical axis, i.e. z-axis. Each pixel is assumed to be 50x50 nm in size. Zero mean
Gaussian noise with standard deviation of 200 was added to each pixel of the
image set to generate a noisy image set. All frames of the noisy image set are
shown in Figure 1. The noise-free image set and the noisy image set are denoted
as P(kl,kz,k3) and Pn(kl,kz,k3), kl = 1,2,...,60, k2:1727...,30,
ki =1,2,...,60, respectively. As discussed in Section 3.3, the second components
of the image sets correspond to the z-axis/optical axis.

4.2. Exact State Space Realizations of Simulated Image Sets

In this section, we will show how to derive exact state space realizations of both the
noisy image set P, and the noise-free image set P using Algorithms 1 and 2. The first
step is to perform the decomposition of the three-dimensional image sets via Algo-
rithm 1, ie. P(k],kz,k_g) = PO’O(kl,kz,kg) = P?(k])Pg(kz)Pg(kg) and Pn(k],kz,kg,)
= Pg’o(kl,kz, k3) = Pg;l(kl)Pg;z(kZ)Pgﬁ(]Q), kl = 1, 2, N ,60, kz = l, 2, ey 30,
ki3 =1,2,...,60, where 0 implies no non-zero singular values are dropped in the
algorithm (see Section 3.3 for an explanation of the notation). Key aspects of this
step are two singular value decompositions used in steps 3 and 6 of Algorithm 1. The
resulting singular values are shown in Figure 2. For the noise-free image set there are
55 and 59 non-zero singular values (we treat all singular values less than 107'¢ as
zeros) from the first and second singular value decompositions, respectively. For the
noisy image set there are 60 non-zero singular values for both singular value
decompositions, which are the maximum numbers, given the size of the image set.
More non-zero singular values are obtained for the noisy image set because of the
corruption caused by the additive Gaussian noise. To obtain exact estimates of the
image sets we retain all non-zero singular values. A state space realization is then
calculated for each of the one-dimensional components P?, PO i=1,2,3, of the

n;i>
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image sets P, P,, respectively, using Algorithm 2 and we obtain the balanced real-
izations (47, B, C°) and (4,7, B), Cy) that are exact realizations of P? and P),
respectively. Similarly, all non-zero singular values are retained in Algorithm 2. 7

In Figure 3 cross sections of the simulated image sets and their exact estimates are
compared. It is clearly seen that the estimates are very accurate. The root-mean-
square errors between the simulated image sets and their estimates are 4.7 x 107! in
the noise-free case and 6.2 x 10~!! in the noisy case. This shows that up to small
numerical errors we have indeed obtained exact realizations of both the noise-free
image set and the noisy image set.

The memory requirement for calculating exact state space realizations is heavy. For
the noise-free image set we have P(k;) € RV ky=1,2,...,60, Py(ky) €
R¥*¥ ey =1,2,...,30, and P)(k3) € R®*' k3 =1,2,...,60. Similarly for the

Figure 1. All two-dimensional images of the simulated noisy three-dimensional image set P, consisting of
three balls, one of radius 500 nm and two of radius 300 nm. The simulated image set consists of 30 images
each being a 60 x 60 pixel array. The images are assumed to be 50 nm apart in the optical axis/z-axis. Each
pixel is assumed to be 50 x 50 nm in size. Hence, each frame has a size of 3 x 3um. Zero mean Gaussian
noise with standard deviation 200 was added to each pixel. The panel is arranged such that the frames are
displayed sequentially from left to right and top to bottom.



STATE SPACE REALIZATION OF A THREE-DIMENSIONAL IMAGE SET 35

(@ x10°
6 :

S

Values

i i

0 20 40 60
Number of Singular Values

b) x 103
8,@ S — : ]

6F

Values

Number of Singular Values

Figure 2. The singular values of the two singular value decompositions (A for the first singular value
decomposition, B for the second singular value decomposition assuming all non-zero singular values are
retained in the first decomposition) when the simulated noise-free image set P and noisy image set P, (shown
in Figure 1) are decomposed using Algorithm 1. The circles represent the singular values for the noisy
simulated image set P, while the diamonds represent the singular values for the noise-free image set P.

noisy image set we have PO (ki) € R™®, kj=1,2,...,60, P),(k;) € R,

ky=1,2,...,30,and P);(ks) € R®*!, k3 =1,2,...,60. Clearly, the second compo-
nents in both cases have the largest sizes. For the simulated noise-free image set, the size
of the matrix 45" is 1233 x 1233 while that of the matrix Agg is 1795 x 1795 for the
simulated noisy image set. In both cases, the sizes of the A matrices are bigger than the
sizes of the corresponding image sets.

4.3. Noise Suppression of the Simulated Image Set

Having established that exact realizations can be obtained for the noise-free image
set and the noisy image set we now consider the use of approximate realizations for
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Figure 3. Cross sections of the simulated noise-free image set P and noisy image sets P, (see Figure 1) and
their exact estimates PO0000 pO0:0.00 " calculated via exact state space realizations. Al, A2 and A3 show
the 16th frame (P(ky,16,ks3),k1,k3 =1,...,60) of the noise-free image set, the 16th frame
(PYO000(fey 16, k3), ki, ks = 1,...,60) of its estimate based on the exact realizations and their difference
respectively. B1, B2 and B3 show the cross section P(22,ka,k3),ka = 1,...,30,ks = 1,...,60, the cross
section PO0000(22 fey k3), ky = 1,...,30,k; = 1,...,60, and their difference, respectively. C1, C2 and C3
show the 16th frame (P,(ki,16,k3),ki,k3 =1,...,60) of the noisy image set, the 16th frame
(P00 (ke 16, k3), ki, k3 = 1,...,60) of its estimate based on the exact realizations and their difference
respectively. D1, D2 and D3 show the cross section P,(22,kz,k3), ko =1,...,30,k3 = 1,...,60, the cross
section PY9000(22 ks k3) ko =1,...,30,k3 = 1,...,60, and their difference, respectively. The coordinate
system shown in the plots is such that the y-axis (x-axis, z-axis/optical axis) coincides with the first (third,
second) index of the image arrays P, P,,, P*%%%0 and PO0000 respectively. The origin of this coordinate
system is located at the center of the pixel array(s).

noise reduction. In both Algorithms 1 and 2, approximations can be carried out and
may result in a reduction of the noise components of the image set P,. The sizes of
the approximations are typically made dependent on the sizes of the retained sin-
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Figure 4. The singular values of the Hankel matrices constructed from the approximate one-dimensional
components of the simulated noisy image set P, (see Figure 1 and Section 4.3.) in Algorithm 2. The one-
dimensional components are generated with 8 retained singular values from both singular value decom-
positions in Algorithm 1. A, B and C correspond to the first, second and third one-dimensional compo-

nents, respectively.

gular values of the corresponding singular value decompositions. From Figure 2 it is
seen only a few singular values of the noisy image set P, are dominant and are close
to the corresponding singular values of the noise-free image set P. The rest of the
singular values of the noisy image set are very different from those of the noise-free
image set because of the corruption from noise. Since only dominant singular values
are important to the accuracy of the approximation we retained the eight largest
singular values in each of the two singular value decompositions used to construct
the one-dimensional components of the noisy image set. Following the notation
introduced in Section 3.3 we represent three resultant one-dimensional components
by P33, P;% and P)3, respectively, since in each of the two singular value decom-

nl> ; n3°
positions 52 singular values are ignored. Figure 4 shows the singular values of the
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three Hankel matrices constructed from the one-dimensional components. Some of
the singular values are relatively small and are therefore considered to correspond to
insignificant parts of the dynamics. For the three one-dimensional realization
problems we retain 53, 160 and 53 singular values, respectively. Since we drop 52, 52,
7, 80 and 7 singular values in both algorithms the smoothed estimate is then denoted
by P325%7807 (see Section 3.3 for an explanation of the notation).

The sizes of the three one-dimensional approximate components P33, P3% and P33

ml> * om

are  P32(k) e Rk =1,2,...,60, P25 (ky) € R¥® ky =1,2,...,30 and
P2 (k) € R™! k3 =1,2,...,60. When a state space realization of the second
component was calculated we dropped the 80 smallest singular values of the cor-
responding Hankel matrix. Following our notation in Section 3.3 we denote
(Az;zz‘go, B3Y ,512280) as the approximate state space realization of the second
component. The size of the matrix Aiégo is 160 x 160. It is much smaller than Agg
(the A matrix for the corresponding exact realization). As a result, the memory
requirement is reduced significantly.

Cross sections of the estimate P3>°%780.7 of the noisy image set P, are shown in
Figure 5A1, A2, A3 and A4. The noise level is significantly reduced in the estimated
image set. The root-mean-square error between the estimated image set and the
simulated noise-free image set is 36.1, which is less than one fifth of the standard
deviation of the Gaussian noise. It can, of course, not be expected that the noise-free
image set P is fully recovered, since the result of the proposed method depends on the
trade off between noise reduction on the one hand and the accuracy of the estimate
on the other hand. Some errors are seen as low level ripples in regions of the images
which have low signal levels. We have also observed that the best results are obtained

by taking advantage of noise suppression in both Algorithms 1 and 2.
4.3.1. Performance of the Proposed Method Under Different Noise Levels

Table 1 shows the root-mean-square errors of the estimates obtained via the pro-
posed method for different noise levels in the simulated data sets. The noise levels
were varied by changing the standard deviation of the additive Gaussian noise
during simulation. The table shows that the root-mean-square errors are less than
22% of the standard deviations of the noise in the corresponding noisy image set.
This implies that noise is effectively suppressed. Clearly, by increasing the noise level
in the simulated data set the accuracy of the estimates decreases. We obtain a cor-
responding increase in the root-mean-square error, since with increasing noise level

Table 1. The effectiveness of noise suppression via the proposed approach.

a 50 100 200 300 400 500

RMSE 10.9 20.0 36.1 51.2 66.1 85.2

Root-mean-square errors between the smoothed image sets obtained via the proposed approach and the
noise-free image set are calculated for different noise levels. The standard deviation of additive Gaussian
noise is denoted as o.
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only the rough features of the image sets can be recovered. On the other hand, the
ratios between the root-mean-square errors and the standard deviations of Gaussian
noise decrease as the noise levels increase. This suggests that the proposed method
suppresses noise effectively, even when the noise level is high.
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Figure 5. Cross sections of the estimates P3*3%7807 and P of the simulated noisy image set P,, shown in
Figure 3, by using the proposed method with noise suppression and a Gaussian filter with standard
variance one, respectively. Al and A3 show the 16th frame (P3>°%787 (k1 16, k3), k1, k3 = 1,...,60) of the
estimate obtained via the proposed method and its error, respectively. A2 and A4 show the cross section
P3ESETI0T(2D ks ks), ko = 1,...,30,k3 = 1,...,60 and its error, respectively. Bl and B3 show the 16th
frame (P8(ky,16,k3),ki,k; =1,...,60) of the estimate obtained by using a Gaussian filter and its error,
respectively. B2 and B4 show the cross section P$(22,k»,k3), ko =1,...,30,k3 =1,...,60 and its error,
respectively. The coordinate system is defined as in Figure 3.
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4.3.2. Comparison Between the Results of the Proposed Method and the Smoothed
Image sets Using a Gaussian Smoothing Filter

A Gaussian filter of variance one is often used to suppress noise in fluorescence
microscopy images (see e.g. [30], [31]). To compare the performance of the proposed
method with the results of the Gaussian filter, we also smoothed the image set P,
with the Gaussian filter. Cross sections of the smoothed estimates of the noisy image
set using both methods are shown in Figure 5. From these plots, it becomes evident
that using a Gaussian filter results in much larger errors than the proposed
approach. This is because the Gaussian filter calculates the weighted average of
neighboring pixels and large errors occur at the edges of the balls. The root-mean-
square error of the smoothed image set obtained by using the Gaussian filter is 151.
This is more than four times the root-mean-square error (36.1) of the smoothed
image set that is obtained via the proposed method.

Figure 6. All two-dimensional images of a three-dimensional fluorescent microscopy image set Im, of a T
cell, showing the locations of FcRn. The images were acquired on a Zeiss inverted microscope with a 100x
Plan-Aprochromat objective (N.A. = 1.4) using a highly sensitive Hamamatsu Orca 100 Peltier cooled 12
bit CCD camera. The image set consists of 21 images each being a 99 x 110 pixel array. The images are
300 nm apart from each other. Each pixel is 67 x 67 nm in size. Therefore, each frame has a size of
6.633 x 7.37 um. The panel is arranged such that the frames are displayed sequentially from left to right
and top to bottom.
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4.4. A Three-dimensional Fluorescent Microscopy Image Set

We apply the proposed method to a three-dimensional fluorescent microscopy image
set of a mouse T cell transfected with FcRn-GFP. The MHC Class I related receptor,
FcRn, plays a role in the transfer of gammaglobulin (IgG) from mother to young
and also regulates the serum levels of IgG, reviewed in [32]. The large number of
molecules and the limited resolution capacity of the microscope imply that only the
total accumulations of the signals are recognizable. The image set consists of 21
images, 300 nm apart from each other. Each image has 99 x 110 pixels and the size
of a pixel is 67 x 67 nm in the object space of the imaging system. This means that
the image set forms an array Imy,(ki, ko, k3),k;y =1,2,...,99ky =1,2,...,21,

ks =1,2,...,110. As in the previous data the second index of the image set refers to
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Figure 7. The singular values of the two singular value decompositions (A for the first singular value
decomposition, B for the second singular value decomposition assuming all non-zero singular values are
retained in the first decomposition) when the three-dimensional image set Im, of a T cell, shown in
Figure 6, is decomposed using Algorithm 1.
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the optical axis of the microscope, i.e. the z-axis. All images of this three-dimensional
image set are shown in Figure 6.

4.5. Exact Estimate of a Fluorescent Microscopy Image Set via State Space Real-
izations

Following the same procedure for the simulated data, we decomposed the image set
Im,, into three one-dimensional components via Algorithm 1 and calculated an exact
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Figure 8. Cross sections of the fluorescent image set Im, of a T cell, shown in Figure 6, and its estimate
Im0%000 calculated via the exact state space realizations. Al, A2 and A3 show the 12th frame
Imy(k1,12,k3),kp =1,...,99,k3 =1,...,110) of the image set Im,, the 12th frame
ImB0000 (ke 12, k3), k1 = 1,...,99, k3 = 1,...,110) of the estimate calculated via the exact state space
realizations and their difference, respectively. B1, B2 and B3 show the cross section Im, (60, k2, ks3), ka
=1,...,21ky =1,...,110, the cross section Im%%000(60, ks, k3), ko =1,...,21,k3 =1,...,110, and
their difference, respectively. The coordinate system is defined as in Figure 3
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balanced state space realization for each of the one-dimensional components. Fig-
ure 7 shows the plots of the singular values for the two singular value decomposi-
tions used in Algorithm 1. Similar to the simulated data, all singular values are non-
zero due to the presence of noise. The singular values obtained in Algorithm 2 are
also non-zero. To obtain the exact realizations we retained all singular values. The
exact estimate of the image set is denoted as Im%%000,
Figure 8 shows two cross sections of the image set /i, and the corresponding cross
sections in the estimated image set Im%%%%0 calculated from the exact state space
realizations. The root-mean-square error between the estimated image set and the
acquired image set is 7.4 x 10710, This shows that up to insignificant numerical errors
exact state space realizations were obtained. It is interesting to note that the significant
background intensity level has also been accurately matched by the proposed method.
As in the case of the simulated image set, large memory allocations are necessary, if
the exact state space realizations are calculated. Let Im |, Im , and Im 5 be the three
one-dimensional components of Im, calculated using Algorithm 1. We have
(k) e RV ke =1,2,...,99, 1m0, (ky) € RO oy = 1,2,...,21, and
Im 5 (k3)e RO Jey = 1,2, 110. Let (457, BY?, €97) be the exact state space
realization obtained for the second one-dimensional component. The size of this sys-
tem is considerable with 43" being a 2079 x 2079 matrix.

4.6. Noise Suppression of a Fluorescent Microscopy Image Set

Image sets acquired in fluorescent microscopy are notoriously noisy, since the
fluorescent signal is relatively weak. Noise sources include scattered photons, con-
tamination in the samples, and noise sources in the cameras etc. Therefore noise
suppression is an important aspect in the analysis of fluorescent microscopy image
sets. Here, we will apply the proposed method to suppress the noise components in
the image set Imy,.

From Figure 7 only a few singular values are dominant amongst the singular
values of the two singular value decompositions that are used in Algorithm 1. We
retain 15 and 30 singular values in the first and the second singular value
decompositions, respectively. Figure 9 shows the singular values of the three
Hankel matrices constructed from the corresponding one-dimensional compo-
nents. For the calculation of the approximate realizations we retain 60,300 and
100 singular values, respectively. The other singular values are very small and
judged not to be significant enough to include in the approximation. The num-
bers of the dropped singular values in the five singular value decompositions are
84,80,39,15 and 10. Following the notation introduced in Section 3.3, we denote
the estimated image set as [mS+8039:15.10,

Figure 10 shows cross sections of the estimated image set Im5*80:3%15.10 The differ-
ence between the smoothed image set and the original image set appears as random
noise. Some small ripples appear to have been created during noise suppression and
they are observed near the background area of the estimated images.
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Figure 9. The singular values of the Hankel matrices constructed from the approximate one-dimensional
components of the image set Im,, of a T cell (Figure 6) in Algorithm 2. The one-dimensional components
are generated with 15 and 30 retained singular values from the first and second singular value decom-
positions in Algorithm 1. A, B and C correspond to the first, second and third one-dimensional compo-
nents, respectively.

As expected the memory requirement for the approximate state space realizations
is much smaller than that for the exact realizations. For example, the matrix 45"
for the second approximate one-dimensional component of Im, is of size 300 x 300,
which is considerably smaller than the 2079 x 2079 of the corresponding A matrix
for the exact realization.

It should be pointed out that we found that it is of advantage to estimate the
background level of the image set separately, if approximate realizations are to be
obtained. This is particularly relevant in situations such as the present one when the
background level is significant since relatively small errors in the estimation of the
background could lead to relatively large errors in the estimation of the actual signal
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Figure 10. Cross sections of the smoothed estimate Im§4‘80139‘15*‘° of the fluorescent image set Im,, shown
in Figure 6. Al and A2 show the 12th frame (/mS*89391510(f) 12 k3), ky = 1,...,99,k3 = 1,...,110) of
the estimate and the difference between it and the 12th frame of Im,, respectively. Bl and B2 show the
cross section ImS48%391510(60 oy k3), ks = 1,...,21,k3 = 1,...,110, and the difference between it and the

corresponding cross section of In1,, respectively.

that is of interest. To avoid this potential error we reduced the background level of
the image set by subtracting an estimate of the background level and then applied the
proposed method to the modified image set. The estimated background level was
formed by the mean of the pixels at the edges of the image set and was added back to
the resulting smoothed image set.

5. Conclusions

We developed a method to calculate state space realizations of a three-dimensional
image set by decomposing the three-dimensional image set into three one-dimensional
components and constructing a state space realization for each of these components.
Besides the capability to obtain exact state space realizations of the image set the
method allows for the incorporation of approximation steps that can be used for noise
reduction in the image set.



46 OBER ET AL.

We tested the approach with both simulated data and a three-dimensional fluo-
rescent microscopy image set. In both cases, the estimates obtained via the exact
state space realizations were very accurate. However, the proposed method is
memory-intensive, when the exact state space realizations are calculated. It has been
shown that the proposed method suppressed the noise components of the image sets
effectively and compared favorably to the use of a Gaussian filter, especially with
respect to the preservation of sharp features in the image set.
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