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Abstract

Estimation of the unknown parameters that characterize a bilinear system is of primary importance in
many applications. The Cramer Rao lower bound (CRLB) provides a lower bound on the covariance matrix
of any unbiased estimator of unknown parameters. It is widely applied to investigate the limit of the accuracy
with which parameters can be estimated from noisy data. Here it is shown that the CRLB for a data set
generated by a bilinear system with additive Gaussian measurement noise can be expressed explicitly in terms
of the outputs of its derivative system which is aso bilinear. A connection between the nonsingularity of
the Fisher information matrix and the local identifiability of the unknown parameters is exploited to derive
local identifiability conditions of bilinear systems using the concept of the derivative system. It is shown that
for hilinear systems with piecewise constant inputs the CRLB for uniformly sampled data can be efficiently
computed through solving certain Lyapunov equations. In addition, a novel method is proposed to derive the
asymptotic CRLB when the number of acquired data samples approaches infinity. These theoretical results are
illustrated through an example from surface plasmon resonance experiments for the determination of the kinetic

parameters of protein-protein interactions.

Keywords: Bilinear systems; Cramer Rao lower bound; Fisher information matrix; Local identifiability;

Parameter estimation; Surface plasmon resonance experiments; System identification.

I. INTRODUCTION

Bilinear systems are an important class of nonlinear systems because of their wide range of applications
in a number of different fields, including engineering, biomedical science, economics, etc. A fundamental
problem in these applications is to estimate/identify the unknown parameters of a bilinear system from its
output observations [1]{4]. The question therefore naturally arises concerning the accuracy of the estimation
that can be achieved based on the assumed bilinear system model and observed noisy outputs. The Cramer
Rao lower bound (CRLB) gives a lower bound on the covariance matrix of any unbiased estimator of unknown
parameters [5], [6]. It is commonly used to evaluate the performance of an estimation/identification algorithm
and can provide guidance to improve the experimental design. The purpose of this paper is to derive an explicit
expression of the CRLB for noisy data sets generated by a bilinear system, from the perspective of system
theory.

The CRLB for estimating unknown parameters of stationary time series has received considerable attention
in the literature [7]-{9]. Recently, the CRLB or Fisher information matrix for one-dimensional (1D) dynamic

non-stationary systems with deterministic input and Gaussian measurement noise has been investigated in [10].
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The calculation of the Fisher information matrix for the 1D data is performed in terms of the derivative system
with respect to the system parameters and by using the solution to a Lyapunov equation. The above approach
has been extended to multidimensional (nD) data sets generated by nD linear separable-denominator systems
and applied to the analysis of nD nuclear magnetic resonance (NMR) spectroscopy data sets [11].

Here we generalize the results in [10] to bilinear systems and continue to explore some system theoretical
insights of the approach. It is shown that the Fisher information matrix for the output data samples of a multiple-
input-multiple-output (MIMO) bilinear system can be expressed in terms of the outputs of its derivative system
which is also an MIMO bilinear system. The use of the notion of derivative system brings two main benefits.
First, we can study properties of the Fisher information matrix and the CRLB from a system theoretic point
of view, e.g. the local identifiability conditions discussed in Section I1l. Second, for uniformly sampled data
sets generated by bilinear systems with piecewise constant inputs, the CRLB can be efficiently computed using
algorithms based on solutions to certain Lyapunov equations. Although there have been some papers on the
calculation of the CRLB for some specific bilinear models in the literature, such as [12], to our best knowledge,
however, an explicit expression of the CRLB for a general bilinear system model has not been available so far.

The organization of the paper is as follows. In Section Il we apply the concept of derivative system to
obtain an explicit expression of the Fisher information matrix for noise corrupted data sets generated by an
MIMO time-invariant bilinear system. In Section Il the nonsingularity conditions of the Fisher information
matrix are derived. Provided some weak regularity conditions hold the nonsingularity of the Fisher information
matrix is equivalent to the local identifiability of the system. For the uniformly sampled data sets generated by
a hilinear system with piecewise constant inputs, it is shown in Section IV that the CRLB can be efficiently
calculated through solving certain Lyapunov equations, and that the asymptotic CRLB can be derived without
explicitly computing the Fisher information matrix. In Section V the theoretical results presented in the paper
areillustrated by an example from surface plasmon resonance experiments aimed at estimating kinetic constants

of protein-protein interactions.

Notation

AT transpose of matrix A

P sum of vector spaces

R7>m space of n x m real matrices

0 = [ 0, ... Ok ! parameter vector

1(0) Fisher information matrix for the parameter vector 0

May 7, 2004 DRAFT



I identity matrix of appropriate dimension
2

o variance of Gaussian noise
E {z} expected value of random variable =
var () variance of random variable x
rank { A} rank of matrix A
range { A} gpan of the columns of matrix A
det (A) determinant of matrix A
diag {My, ..., M,} block diagonal matrix whose diagonal block entries are M,
—o M,
®={A B, C, Fi, ..., F,} bilinear system with system matrices A, B, C, I, ..., Fi,
={A, B, C, Fi, ..., Fn} derivative system of ® with system matrices A, B, C,
Fiy oo Fm
\Y set of admissible inputs
U set of piecewise constant inputs
ull I*" constant input vector of a piecewise constant input
G indicator function for the I** interval

Il. CRAMER RAO LOWER BOUND

Consider the state-space model of a general MIMO time-invariant bilinear system given by (see [13])

— Awy(t) + Z Fyug(t)zo(t) + Bu(t),  zo(t) = xq, €
yo(t) = Cap(t), t >t 2
where z4(t) € R™*! is the state vector, u(t) € R™*! is the input vector with components uy (t), ..., umn(t),

yo(t) € RP*! is the system output vector, A € R™*", B € R™™, C € RP*", [, € R, ¢ = 1,...,m,

are the system matrices depending on the unknown parameter vector 6 := [ 0 ... Ok }T, and zg is the

initial state vector, which can also depend on the parameter vector 6. For convenience of exposition, we use

the notation ¢ := {A, B, C, Fy, ..., F,,} to represent the bilinear system with state vector x¢(t), input

u(t), output y,(t), system matrices A, B, C, I, ..., F,,, and initid state z, as defined in (1)-(2). The it

element of y,(t) is represented by yp,(t), i = 1,...,p, i.e, yo(t) := { Yoa(t) ... Yop(t) T. Similarly, the
T

ith row of C isdenoted by C;, i =1,...,p, i.e, C = ClT C’g} .
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In this paper two classes of input functions are considered for the bilinear system defined in (1)-(2) [14],
[15]:

(i) The set of admissible inputs V: these inputs are assumed to be piecewise continuous, have a finite number
of discontinuities and are defined on finite or semi-finite left-closed intervals whose left boundary point
is ¢l

(if) The set of piecewise constant inputs U: they are vector-valued piecewise constant functions with a finite

number of steps. A piecewise constant input « € U can be represented by
L-1
u(t) =Y ullp(t), <t <l ®
=0

where ulll .= [ Gl }T, 1=0,...,L—1, are constant vectors, and 3;(t), 1 =0,...,L—1, are
the indicator functions defined by
{ 1, for t e [¢0, 1)
Gi(t) =
0, fortg [t ¢l+1).
Here, t .., ¢[] denote the starting and ending points of the time intervals with ¢ < ... < ¢,
where !X can be either finite or infinite. Note that u!!l could be a zero vector, and that for a piecewise
constant input u € U as defined in (3) we are only interested in the output y,(t) for 10 <t < X,
Obvioudly, U C V. Unlike a linear system, it is difficult to express the output of a bilinear system in terms of
its input and system matrices in a simple closed form. For an admissible input « € V, the input-output map can
be represented by the infinite Volterra series (see [16]). For a piecewise constant input « € U, the input-output
description can be further simplified, as shown in the following lemma whose proof is standard (see also [17]).
Lemma 2.1: Assume that the input of the bilinear system & = {4, B, C, Fi, ..., F,} is piecewise
constant as defined by (3). Let FIIl .= 37 | Faul! and assume that A + FU is invertible, 1 = 0,...,L — 1.
Then the output of the system is given by

L—-1
volt) = Y [CQut) (W 4 () — cwl] pu(e), e <t < o], @)
=0
where Q;(t) := eATFNE) and Wil .= (A + FU)=1Bull, [ =0,...,L —1, and z(t!!) is given by
xg(tm) _ ) 2o, for I =0,
Qi1 (t1y (W 4 gy (=) — WU for i =1,...,L - 1.
Assume that we have acquired noise corrupted samples sg;(j), ¢ = 1,...,p, j = 0,...,J — 1, of the

measured output of the bilinear system defined by (1)-(2), i.e.,

59,i(J) = ye,i(t;) +wi(j), )
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where yg;(t;) is the i*" noise free output element at the sampling point ¢; and w;(j) is the measurement
noise component, i = 1,....p, j = 0,...,J — 1, t0 < ¢, < ¢; < ... < tj_;. We assume that the
measurement noise components have independent Gaussian distributions with zero mean and variance aﬁ 1
i=1,....,p, j = 0,...,J — 1. Hence the probability density function p(S;6) for the acquired data set
S:={spi(4), i=1,...,p, 7=0,...,J — 1} is given by

Pl 1
p(s;0)=1111 > P <_F [s0.i(d) — ye,z’(tj)]2> :

i=1 j=0 4/ 270 1,3

The parameter space O, i.e. the set of al possible values for the parameter vector 6, is assumed to be an
open subset of the Euclidean space RX*1. Also, p(S; 6) is assumed to satisfy the standard regularity conditions
(see eg. [18], [19]). The Fisher information matrix I(0) is then defined as

[L(0)]sr = E{<8lngg;0)> (alngéf;6)>}, 1<s,r<K,

where E{-} is the expected value with respect to the underlying probability measure. If 1() is positive definite

for al 9 € ©, by the CRLB any unbiased estimator 6 of § has a variance such that
var(9) > I71(0),

where var(d) > I71(6) is interpreted as meaning that the matrix (var(f) — I~1(6)) is positive semidefinite.

In the following theorem we first show that the derivative system (with respect to the given parameter vector
#) of a general MIMO time-invariant bilinear system is aso an MIMO time-invariant bilinear system. The
Fisher information matrix for the sampled output data of the bilinear system for Gaussian measurement noise
is then expressed using the output samples of its derivative system.

Theorem 2.1: Consider the bilinear system represented by ® = {A, B, C, Fi, ..., F,,}. Assume that the
partial derivatives of A, B, C, Fi, ..., F,, and xy with respect to the elements of 6 exist for dl 6 € ©, and
that the input «(t) is independent of the parameter vector 6. Let

Vo.a(1) 2
Vo(t) := : . with Y i(t) := : (t=1,....,p), t=> ¢l01
y&,p(t) 8%éit)
Then
1) Vu(t), t > tl%, isthe output of the derivative system &' := {A, B, C, Fi, ..., Fm}, Whichisan MIMO

time-invariant bilinear system with state vector Xy (t), ¢t > t%, and has the same input u as ®. The state
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vector Xp, initia state Xp, and system matrices A, B, C, F1, ..., F, ae given as follows, which will

be adopted throughout the paper.

[ O1xg(t) 31$6(t[0])
Xp(t) == : Ct >t Xy = : , A= diag {814, ..., Ok A},
i 6[(%9(15) aK:EG(t[O])
[ oB 2
B:= : , Ci= | ¢ with C; := diag {0:C;, ..., 0xC;}, i=1,...,p, (6)
| 0xB c,
Fq = diag {01 Fy, ..., OxFy}, ¢q=1,...,m,
wherefor s=1,..., K
[ t A 0
ourot) = | O 50 gy = | 0| 6,4 , @)
Oz (1) 9zo 0A 4
| o0, 20, 0.
B F, 0
._ . | 8 ._ q _ .
6SB K 9B 78501 C [ 895 C’L :| 9 85Fq T 8Fq F ] 9 q - 17 e 7m7
| 96. 00, q

2.) for the data points s ;(j) := ye,i(t;)+wi(j), where yy ;(t;) is the sampled output of the bilinear system @
and w; () isindependent Gaussian noise with zero mean and varlancea =1,....,p,5=0,...,J-1,

tll < ¢y < t; < --- < ty_q, the Fisher information matrix is given by

p —
ZZ Pye (¢:)Y5 (t) P ®)
i=1 j= 0
Here P, € REXPK =1 ... p, is defined as
(i—1) 0s (p—i) Os

where 0 denotes the K x K zero matrix and Ix the K x K identity matrix.
Proof: 1.) By assumption the partial derivativesof A, B, C, Fi, ..., F,, and zg withrespectto 6, (s=1,..., K
throughout the proof) exist for al § € ©. Hence, the partial derivatives of z4(t) and yg ;(t), i = 1,...,p, with

respect to 6, also exist for al # € © and t > t[%. Since the input w(t), t > ¢l is piecewise continuous, it
6Ie(t)

follows that x4 (t) and are partially differentiable with respect to ¢ on ¢ > ¢[% with the possible exception
of the discontinuities of u. Also, the partial derivative of 8‘”9() with respect to 6, exists for al § € © and

t > 19 with the possible exception of the discontinuities of . With the exception of the discrete discontinuities

of u, we have 8’39( ) — 882;;?5? = 8t8 2o(l) > 1l0] (see page 359 in [20]).
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Taking the partial derivative of (1) with respect to 6, and using the product formula (see e.g. Lemma 2.3 of
[11]) give

dig(t) [ o4 w(t) [ o, zo(t) 0B 0]
90, [ o, A } Do (t) +Z[ o0, T }uq@) ooty | T 805u(t)’ tzt%. (10
a0, q=1 a0,

With the exception of the discontinuities of u, combining (1) and (10) yields

D oy = 2| W | _ el || )
ot PO T G0 ame) | T | 0% | T | 0et)
a0, 5100, 0,
A o||awe] & E o z6(t) B
o 0A A [ Oz6(1) ] +Z |: % F ’U,q(t) O (t) 0B ’U,(t)
a0, a0, =1 | 3a, q a0, a0,
= 0,A0smg(t) + Y OsFqug(t)dsmo(t) + OsBult), t > to. (11)
q=1
Also,
[0]
o .T@(t ) . i)
(33x9(t[ ]) = { oot | = | om | (12
—a0, 2.
Since ygi(t) = Cizg(t), i = 1,...,p, t > tl%, taking the partial derivative of yg ;(t) with respect to 6, gives
(t
Woill) _ o crome(t), t> 10 (13)
00,
Fori=1,...,p, since
. Oro(t)
Yoal)=1| 1 |, Xt)= : , >l
i Oxcwo()

stacking the corresponding equations from (11) and (13) gives

Xy(t) = AXp(t) + Y Fyug(t)Xa(t) + Bu(t), (14)
q=1
Voit) =CiXp(t), t >t (15)

The desired derivative system @’ is then obtained by stacking the corresponding eguations from (15) as
Vo(t) = CXy(t), t >t (16)

The initial condition of ®’ is given by stacking the corresponding equations from (12) as Xg(t[o]) = Xj. Clearly,
Vo(t), t > t%, is the output of the derivative system & := {A, B, C, Fi, ..., Fm}. Note that each element
of Vy(t) is a continuous function of ¢ for ¢ > ¢[°).
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2.) From a classic result on the Fisher information matrix (see e.g. [5]),

[1(0)]ST—E{<8IH£$;9)> <8lnpS9 )} Z”:"Zl 1 8y91 aygéi ) ol <sr <K

zl]Uj

It then follows directly that the Fisher information matrix is given by

p p

ZZ = yel Vit ZZ Pye Vi (t) P,

i=1 j=0 i=1 j=0 7
where )y (t;) is the sampled output of the derivative system &’ at t;, j =0,...,J —1,and P, i =1,...,p,
are defined in (9). ]

For the data set generated by a bilinear system with a piecewise constant input « € U, the following corollary
derives an explicit expression of its associated Fisher information matrix.

Corollary 2.1: Assume the bilinear system model and assumptions are the same as in Theorem 2.1, except
that the input « is piecewise constant and the data points are sampled from yg ;(t), i = 1,...,p, a ) < ¢ <
ty <...<ty_q <t Assumethat A+ FU isinvertible, where FII .= 3" | F, =0, L—1 Let

Fl .= diag{&lF[l], aKFll},z:o,...,L—l,wherefors:1,...,K
[ m
o Ft = | T 0y { Fo 01 m,
QF OF,
o FU =1 | agr Ty
Then,

1.) the output of the derivative system @’ is given by

L-1
Wo(t) = Y ety (W + 2,y ) —ewll] o), 1 < < olt, (17)
=0
where Q(t) := eA+FNE=" Wil .— (A4 FUY ' Bull, 1=0,...,L -1, and
Xe(t[l]) _ Xo, for | = 0,
Q1 (¢ W= 4 A (¢l=1)) — W= for 1 =1,...,L—1;
2.) the Fisher information matrix is given by
L
1(0) = Z Z ?Plye(t])yg(t])PZT
i=1 j=0 %J
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>

0

-y

J
=1 j=

L-1
S Jﬁ PC < U (W) witlagh (t“l)> oF (t;)CT P Bi(t;)
=0 J

P

—-1L-1
T
+y Z—PCW ”( Ul) CTPL3i(t)). (18)
=1 j=0 1=0 i

Proof: 1) By Theorem 2.1, YVy(t), t¥ < t < L], is the output of the derivative system &' :=

{A, B, C, Fi, ..., Fm}, which is bilinear and has the same piecewise constant input as ®. Since A + F!
is a block lower-triangular matrix with A + F asits diagonal block submatrices and A + FU! isinvertible, it
follows that A+ Fl isalso invertible, I = 0,..., L — 1. Using Lemma 2.1 (see aso (4)), we can easily derive
the explicit expression for Yy(t), t1% <t < ¢!, given in (17).

2.) The Fisher information matrix 7(6) given in (18) can be readily obtained by substituting ), (¢) in (17)

into expression (8). O

[11. LOCAL IDENTIFIABILITY

The parameter vector ¢ is said to be locally identifiable if there exists an open neighborhood of ¢ containing
no other parameter vector that is observably equivalent to 6 [21]. The following Theorem 3.1 quoted from
[22] states that under some weak regularity conditions the local identifiability of an unknown parameter vector
is equivalent to the nonsingularity of its associated Fisher information matrix. This connection between local
identifiability and the invertibility of the Fisher information matrix is of importance in and of itself. It is aso
relevant for the calculation of the CRLB which is typically expressed in terms of the inverse of the Fisher
information matrix 1(0).

Theorem 3.1: [22] Let § bearegular point of the Fisher information matrix I(#). Then 6 islocally identifiable

if and only if 1(#) is nonsingular.

Specifically, Theorem 3.1 assumes that ap(s 9), 81“5’9(3 %) and the elements of 1(6) are continuous functions
of 6 foreachs=1,...,K and al 6 € ©. For the data model given by (5), the explicit expressions of %
Jlnp(S;0
and % are
ap(S: 0 Pl L ,
((39 ) > 5 [50.6(J) — ye.i(t))] (19)
s i=1 j=0 27TU<2,J- i=1 j=0 %
p J-1
1 8'!/9 z(t])
exp (Z vy [50.i(7) — vo.i(t;)] ) 20, ,
=1 j:() 2,]
and
Onp(9;0) _ N~x~ 1 Dyo.i(t))
T = Z o2 [59 z(]) Yo Z(t])} 20 . (20)
8 i=1 j=0 &J s
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From (19)-(20) and Theorem 2.1, it is easy to see that anggje) : amge(f %) and the elements of I () are continuous

functions of @ if the partial derivatives of A, B, C, Fi, ..., F,, and xy with respect to the elements of ¢ are
continuous functions of # for all § € ©.
It will be shown shortly that the local identifiability of a bilinear system is closely related to the span of
reachable outputs of its associated derivative system with respect to the unknown parameter vector. Before
proceeding, we first review some important notions from mathematical system theory [16].
Definition 3.1: Consider a system with a set of inputs denoted by S. Then
1) adtate z is said to be reachable from initia state x¢ via inputs S if there exists an input in S such that
the path of its corresponding states starts at xo and passes through x;

2.) anoutput y is said to be reachable from initial state zo viainputs S if there exists a state reachable from
xo viainputs S such that its corresponding output is y.

The following lemma characterizes the span of reachable states and outputs of a bilinear system via admissible

inputs V or piecewise constant inputs U.

Lemma 3.1: Consider the MIMO bilinear system represented by ® = {A, B, C, Fi, ..., F,}. Let Q,,
denote the span of reachable states and €2,,, the span of reachable outputs from a given z, via admissible inputs
V (or piecewise constant inputs U). Define matrices O, ..., O~ (n is the size of the state vector) as

00:=0y, 0=l 0y 01 ], - 0" V=[0p ... O] (21)
Here Oy, ..., O,_1 are given by
Op = [ Azy B+ DB } Oy = { AOy—1 FiOy_1 ... FnOyq } v=1,...,n—-1,
where B = { Fizg ... Fpxo ] Then there exists an integer 0 < r < n — 1 such that
range {O[O]} C range {0[1}} C ... Crange {OM} = range {OVH]} = ...=range {O["*H} ,
and

Q,, = range { { o Ol } } , §y, =range {[ Czy COUl } } :
Proof: Let zj)(t) := 2g(t) — 20 and yj(t) := ye(t) — Czo, t > tl°). By substitution, (1)-(2) become

ih(t) = Az(t) + ) Fyug(t)ap(t) + (B + B'yu(t) + Azo, zp(t”) =0, (22)
q=1
yp(t) = Ca(t), ¢ =1, (23)
where B := | Fizg ... Faxo } Let 2,, denote the span of reachable states and (2, the span of reachable

outputs of the new system (22)-(23) from zj, (t1) = 0 via admissible inputs V (or piecewise constant inputs
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U). By Lemmas 4.1 and 4.2 in [16] with some straightforward generalizations from SIMO bilinear systems to

their MIMO counterparts, there exists an integer 0 < r < n — 1 such that

range {0[01} C range {om} C ... C range {OW} — range {OV“]} — ... = range {o[n—ﬂ},
and
Q= range{OI"} and Q, = range{COI"},
where O, ..., OI"=1] are defined in (21). Since z4(t) = () + zo and yg(t) = yp(t) + Cxg, t >t it is
obvious that

Q,, = range {[ o Ol }} and ,, = range {[ Czy COUl ]} O

Using the above lemma, we can now obtain necessary and sufficient conditions for the existence of an
output data set generated by a bilinear system with either admissible inputs or piecewise constant inputs such
that its associated Fisher information matrix 7(¢) is nonsingular. Criteria for the nonsingularity of the Fisher
information matrix when the system is excited by a specific input will be given in the next section.

Theorem 3.2: Consider the bilinear system represented by ® = {A, B, C, Fy, ..., F,}. Assume that A,
B, C, Iy, ..., F,,, and x( depend on the unknown parameter vector 6 of size K, and their partial derivatives

with respect to the elements of ¢ exist for al § € © and are continuous functions of . The derivative system

of @ isrepresented by &' = {A, B, C, F1, ..., Fm}, Where the dimension of A is M x M with M = 2Kn.
Define matrices O, ..., OIM-1 a5
ol .= 0, oll.= [ Oy O, ] ., oM=L [ Oy ... On_ } (24)
Here Oy, ..., Op_1 are given by
Ovi=[ A%y B+B |, Ovi=[ A0, RO 1 ... FuOrr | v=1...M-1 (25
where B’ = [ FiXo ... Fmdo } Assume that the measurement noise components have independent

Gaussian distributions with zero mean.
Then there exists a finite set of admissible inputs (or a finite set of piecewise constant inputs) and output

samples such that the associated Fisher information matrix () € R5X*X is nonsingular if and only if
rank {[ PeXy PICOVT PcXy POV ... Pex, POl |} =K.
where P;, i =1,...,p, are defined in (9), and r is the integer such that

range {(’)[0}} C range {(’)[1]} C ... Crange {C’)[T]} = range {O[TH}} =...=range {(’)[M_l]} . (26)
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Proof: We prove it for the case of admissible inputs. It can be similarly proven for the case of piecewise
constant inputs.

By Theorem 2.1, for the output data set generated by a single input v € V, we have

p J-1

ZZ Pye Vi ()Pl

i=1 j= 0
The above expression can be generalized to mult|ple or even infinitely many inputs. Consider an arbitrary set
of admissible inputs denoted by I'. For each input « € T', let T, denote the set of output sample points, Xy ,,(t)
and Y ., (t) the state and output vectors of the derivative system @'. For each sample v € T, let ¢, ,, denote

the corresponding sampling instant of v, and a? the noise variance at t,,, i = 1,...,p. Then we have

ZZ > ——PYsulton) Vi (tou) P

wel i=1 veY, “’“

Since the size of I(f) is K x K, nonsingularity of I() is equivalent to that the span of the vectors
PiYou(tow), i=1,...,p, ve T, fordl uel isof dmension K.

Let €2y, denote the span of reachable outputs of @', and Q2p,y, the span of the vectors P;)y(t) for al the
reachable outputs Vy(t) of ®', i =1,...,p, t > t%. From bilinear system theory [16], the dimension of the
span of any set of outputs of ®’ is no bigger than that of Qy,, and there exists a finite set of admissible
inputs such that the span of the corresponding outputs is of the same dimension as that of the span of al the
reachable outputs. Similarly, the dimension of the span of any set of the vectors P;),(t), t > tl, is no bigger
than that of Q2p.y,, and there exists a finite set of admissible inputs such that the span of the corresponding
PYy(t), t > %, is of the same dimension as that of Qpy,, i = 1,...,p. It is then clear that the existence
of a nonsingular I(6) is equivalent to that the span of the vectors P,)y(t), i = 1,...,p, t > tl%, for dl the
reachable outputs Y, (t), t > t%, is of dimension K.

By Lemma 3.1, Qy, = range{[ cx, coll }} Hence, Qp.y, = range{[ PCX, P,COl }}, 1=
1,...,p. Then the span of the vectors P;Yy(t), i = 1,...,p, t > tl%, for al the reachable outputs Vs (t),

t > 19 is given by
Qpy, & Qpy, @ ... & gy, = | PCXy PCOVT PCX, PCOY ... PCX, BCOM |.

Therefore, there exists a finite set of admissible inputs and output samples such that the associated Fisher

information matrix 1(#) € RX*X is nonsingular if and only if dim{Qp,y, & Qp,y, &... @ Qpy,} =K, i€,
rank {[ PiCXy, P COU Pecx, PCOU ... PCAXy P,COU ]} =K,

for someinteger 0 <r < M — 1. O
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Theorem 3.2 provides a convenient method to check whether the unknown parameter vector can be localy
identified from the output samples generated by a bilinear system model with either admissible inputs or

piecewise constant inputs.

V. CRLB FOR UNIFORMLY SAMPLED OUTPUT DATA

Although Theorem 3.2 gives a condition for the existence of some admissible inputs or piecewise constant
inputs such that the unknown parameter vector can be locally identified from the corresponding output samples
of a bilinear system, it does not tell us what the inputs are, nor how many inputs should be used. In practice,
we are often restricted to measuring output samples of a bilinear system with just one input. Therefore, it is
important, both theoreticaly and practically, to know whether the unknown parameter vector can be localy
identified from the corresponding output samples of a bilinear system with a specific input. When the output of
a bilinear system with an admissible or a piecewise constant input is measured using a nonuniform sampling
scheme, the local identifiability can be tested based on the Fisher information matrix obtained by Theorem 2.1
or Corollary 2.1, respectively. However, checking the nonsingularity of the Fisher information matrix directly
is computationaly rather inefficient, particularly for a large number of data samples. When the output of a
bilinear system with a piecewise constant input is sampled uniformly, it is possible to develop a simplified
method for checking the nonsingularity of the Fisher information matrix.

Another advantage of uniformly sampling the output of a bilinear system with a piecewise constant input
is that the associated Fisher information matrix and the CRLB can be computed efficiently through solving
certain Lyapunov equations. Moreover, it is also possible to derive the asymptotic CRLB for infinite uniformly
sampled data points.

Throughout the section we assume that all the eigenvalues of A + Fll, [ = 0,...,L — 1, are in the open
left-half plane. Since A + FI, [ = 0,...,L — 1, is a block lower triangular matrix with A + FUI as its
diagonal block submatrices, its eigenvalues are aso in the open left-half plane, and hence the eigenvalues of
Al = (AP (AW s of dimension M x M with M = 2Kn) are in the open unit disc, where 7} is the
sampling period for the I interval (t!!) <t < t[+1]) of the piecewise constant input, [ = 0,...,L — 1.

Theorem 4.1: Consider the bilinear system represented by ® = {A, B, C, Fi, ..., F,}. Assume that

1) A B, C, Iy, ..., F,, and 2y depend on the unknown parameter vector 6 of size K, and their partia

derivatives with respect to the elements of 6 exist for al § € © and are continuous functions of 6;

2.) the input u is piecewise constant as defined by (3);

3.) the output signal is uniformly sampled with the sampling period 7; in the [** interval of the piecewise
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constant input, i.e., at
t‘g'l[]l] = t[l] + t[l70] + j[l]ﬂ7 ]m = 07 R J[l] - ]-7 tm S t‘[jl[]l] < t[l+1]7

where tg.l[]l] denotes the ;1" sampling instant in the 1" interval, t1-9 is the starting time relative to ¢!/
for sampling in the I*" interval , and J, with JI > A + 1, is the total number of samples acquired in
the I** interval, [ =0,...,L —1;

4.) the noise components have independent Gaussian distributions with zero mean and variance o—y]f =02,

i=1,...,p,j=0,...,J0—1forl=0,...,L—1;

5.) the derivative system of @ isrepresented by ' = {A, B, C, F1, ..., Fu};

6.) the eigenvaluesof A+ FUl, 1 =0,...,L — 1, are in the open left-half plane.
Then I(#) is nonsingular if and only if rank{[ PICO" ... P,CO ” = K, where @' € RM*L(M+1) jg
defined as 0’ := | 0 ... 0, |, ad O}, ..., Of_, isgiven by

O] = [WW (AZ]) W 4 X (1)) (,4“]) g A”] (W + 25 (¢0))

+[1,0]
N o N\ M-1 _ _
(D)5 (D) w4 ) ] =0, L1
Proof: The assumption that all the eigenvalues of A + FIll, 1 = 0,...,L — 1, are in the open left-half plane

implies that none of the eigenvalues of Ag] is equal to one. By Corollary 2.1, the Fisher information matrix
1(0) is given by

L—1J0—1

12
10)= 53537 37 Pt yi i) P!
1=0

=1 ][l] 0
1(#) being nonsingular is equivalent to that the subspace spanned by al the vectors Pye( m) i =
1,...,p, i =o0,...,J0 —1,for I =0,...,L — 1 is of full rank. We also have y@(tym) = CAyl(t gl[]l)
W =0, J0 1 forl=0,...,L—1. Let O := [ Oo ... Op_y |, wherefori =o0,....L—1,

0= | xpelhy ... Xe(t%_l) } and by Lemma 2.1

) = (A) ™ (1) (W04 200) <, o0

Thus, 1(6) is nonsingular if and only if matrix [ PCO ... B,CO } is of full rank, i.e., rank{[ PCO
P,CO H =K.
It remains to show that rank{[ PCO ... P,CO }} = K is equivalent to rank{[ P CcO’

P,co" |} = K, for which it is sufficient to show range {O} = range {O'}.
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Considering the submatrix O; of O and the submatrix O] (I =0, ..., L — 1 throughout the remainder of the

proof) of ¢, we have O, = OV, where V; € RIM+Dx/" s given by

1 -1 -1 -1 -1 1 1 1 -
1 0 ... 0 0 -—aum [1] l[zl}w o l[,J]\[/l[]_M_l]
Vi = 0 1 . 00 e /BlMl ﬂz[gj]\41 ﬁlMl !
0 0o ... 1 0 —ay2 512 @[22] 6[]“1 M-1]
L . B

Here, oy, s =1,..., M, is given by
det(A — Ay = AM 4o ) A1 oA + g
By the Caery-HamiIton theorem, (Ag])M + oq,l(flg])f‘“1 +...+ Oél,M—l-Ag} + ayr = 0. We then have
(e = ( AM) ( Ag}>M (Wm n Xe(tm)> _ ol
— Wl (A“]) K (W + X(t)) — a1 (AY) g (Wh + 2(t1)) -

— a1 (Am) " (Am) (WU] + Xe(ﬂ”)) :

/_M]

By induction, we can always find ﬂl[j; ,s=1,...,M, 7" =M~+1, ...,JU —1, such that

t[l,Ol 411,0]

Xty = — WI — g (a0) T i g (a) T 4t

J
[,0]

Al ( Ag})' ( Am) Sl

Consider now a submatrix of V; given by

1 -1 .0 -1 -1 -1 ]

1 0 0 0 —agu

v 0 1 0 0 —ogay
0 0 1 0 —Q] 9
L 0 0 0 1 —Qp]

Its determinant is

det(V/) = (=M1 + agy + ...+ agar) = (~1)M+ det(A — Ag}) i #0,
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since none of the eigenval ues of Ag] isequal to one. Therefore, V; is of full rank, and range {O;} = range {O}},

[=0,...,L— 1. Hence, range {O} = range {O'}. O

When the hilinear system in Theorem 4.1 is locally identifiable, the next step is to calculate its associated
Fisher information matrix and the CRLB. Although the Fisher information matrix could be calculated using
Coroallary 2.1 in Section I, it is computationally rather inefficient to directly compute the summations in (18),
particularly when the number of samples is large. We now propose an alternative method for computing the
Fisher information matrix efficiently through solutions to certain Lyapunov equations in the following theorem.
Standard results on Lyapunov equations can be found in [23], [24].

Theorem 4.2: Assume that the data model and all the assumptions are the same as in Theorem 4.1. Then

the Fisher information matrix for the given data set is

3 ¢1,0] ¢[1,0]

W e (Y T e
T oy T T
_ (772[”) ((Ag]) 7 ) Ll (W[z}) ] }CTPiT7

where 7?1[” and 772[” are obtained as follows.

7?1[”, l=0,...,L—1,isthe unique solution to the following Lyapunov equation
T T
AZ]P{” (Ag}) _ p{l] - _ (W[l] + Xg(t[l])) (W[l] + Xg(t[l]))
my”" (it Y (i Y ( (A
+ (A W+ X () ) (WH + Xy () A,

P[l], 1=0,...,L—1,isgiven by
= (1 (a0)") (=) (91 091) e ()

Proof: By the uniform sampling assumption and with Ag] = MHFNT 1 = ... L—1, theFisher information

T

matrix in Corollary 2.1 can be rewritten as

12 L-1 | JW0-1 ¢[1,0] 10 T
1(6) UQZHC{Z {Z (Al) 7 (ADY (W () (W + 221
=1 j

1=0 | =0

() (™)
JW—1 £[1,0]

< (T (v ()" e (1))

jli=0
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l]l

JW—1

_ Z (W” (W[l) +W[z]%¢r(tm)) <(Ag})j“]>T ((AZ])%>T
+ Y wil (W[”>
ji=0

=0
}CTP-T.
Fori=0,...,.L—1,let

[l ._ « i7" 1 ! ! N i\ 7" T
Pl — (ALY (W 2o (a)) (W -+ (e <<"4d) > |

jl=0
Pl ._ S ( AM)J'[” <Wm (W[l])T+ (1) (WU]>T>
2 = = d 0 )
We then have
16) - izp: > (A1) i <<AU]> E U]>T_ (A1)
2 — P d 2

T
) + gl (W[”)T] } c'pr.

Since al the eigenvalues of AZ], l=0,...,L—1, arein the open unit disc, P{l], l=0,...,L—1,isthe

unique solution to the following Lyapunov equation

AP (WY =P = — (W4 2a)) (W 4 2y (a)

. (Ag]>JM (Wm 4 Xg(t[l])) (W[l] + ){e(t[l]))T ((A[l])ﬂz >T

As Yz, (,45])]‘“1 ) (I _ (Ag]ym) (I —~ Ag]>_1, Pl is given by

Pl _ <1— (AE?)JU (1—,451)‘1 (wm (wm)T + Xy (el (w”l)T> L 1=0,...,L—1. O

If data samples are finite and the nonsingularity conditions in Theorem 4.1 hold, the CRLB can be calculated
easily by inverting 71(#) in Theorem 4.2. However, when the number of data samples approaches infinity, i.e.,
JW — oo, in general, I(6) cannot be computed in this way since the term JU P,cWlY (WU])TCTPZ-T in (27)
can tend to infinity, I = 0,...,L — 1. In Theorem 4.4 we will propose a novel method for calculating the
asymptotic CRLB without computing 7(6) directly. Before proceeding, we extend Theorem 4.1 to the case of
infinite data samples.

Theorem 4.3: Assume that the data model is the same as in Theorem 4.1 and the number of equidistant

samplesin each [t!], t+1) isequal, i.e, JU =, 1=0,...,L —1. The dimension of AZ], 1=0,...,L—1,
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is M x M with M = 2Kn. Then there exists a positive integer J, such that for any J’ > .J, the associated

Fisher information matrix 1/ (#) is nonsingular if
rank{[ PiCO" ... P,CO" H = K,
where 0" € RM*LIM+1) s defined as
O// = |: Og O,I/,—l }a

and O, ..., O] _, are given by
[0,0]

(WO 4 25) - (AP) T Al VT + ;)

Og = { wlo] (Ag)])f[;oo]

0,0]

¢l
(A7) ™
[t,0] L1101

O] = [ wil (Ag])tT (W[” _ W[z—u) (A?)Tl Ag] (WW _ W[z—u)

(A[f})M_l (W + &) ] :

A9 M-1
(D) (A2)™ ot~ i } I=1.....L—1
Proof: For any given J' > M + 1, by Theorem 4.1 the associated Fisher information matrix I;/(6) is
nonsingular if and only if rank { [ PicO), ... B0y, |} =K, whee 0 = [0, .. 0, ]
and

¢[1,0] ¢[1,0]

Oy = { wll (Agl)T (W 4 (21 <A51>TA51 (W 4 xp(211))

¢[1,0]

(Ag])T (,4&”)”1 (W + 2, (t1)) } , 1=0,...,L—1,

Note that we use subscript .J' in O] ;, as X(t!)) may depend on .J'. It is easy to see that O} ;, = Oy for
al J’. When J' — oo, we have tl — oo for I = 1,..., L. By Corollary 2.1 with lim,u_,. Q1 (t!) = 0,
limyi o0 Xp(tl) = =WI= for 1 =1,..., L — 1. Thus, limj ., O] ;, = O} for I =1,..., L — 1. Hence,

Jim | Pcoy, .. POy | = | PO L Beor

which implies that for any ¢ > 0 there exists a J. such that

|[ Pcoy ... Beoy |-[ peor ... peor]|<e
for dl J* > J., where | - | denotes the norm of a matrix. Therefore, if [plc(')” P,,C(’)”]
is of full rank, i.e., rank{[ PiCO" ... P,CO" ]} = K, there exists a positive integer Jy such that
rank{| P,CO’, ... P,CO, }} = K for al J' > Jy, which implies I (6) is nonsingular for al J' > J.

g
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Given the nonsingularity condition holds for the asymptotic case, the following theorem proves the existence
of the asymptotic CRLB and gives an explicit expression. The asymptotic CRLB for the limiting case of infinite
data samples is defined as the limit of the CRLB for the corresponding finite data sample situations. This limit
exists since the Fisher information matrices form a monotonically increasing sequence of positive semidefinite
matrices.

Theorem 4.4: Assume that the datamodel isthe same asin Theorem 4.1, except that the number of equidistant
samplesin [t ¢t!+1) tendsto infinity, i.e., JI) = J,1=0,...,L—1, and J’ — co. Assume the nonsingularity
condition in Theorem 4.3 holds. Then the asymptotic CRLB is given by
Ut ((UH)" Put) T WL, rank(U) < K,

0, if rank(U) = K,

J'—o00

var(f) > lim I;10) = {

where P, U and UL are defined as follows:

i.) Construction of P:

L-1

P = ijpic{z

=0

J[1,0] 4[1,0] 4[1,0]

() () ) - () ot (e () ﬂ }

cpl,
where 731[0] is the unique solution to the following Lyapunov equation
AVPL(AD) Pl = — (WO ) (WO )
P{”, l=1,...,L—1,isthe unique solution to the following Lyapunov equation
Alpl (Agl)T — Pl = — (Wi i) (Wil - W[l—u)T’
P is given by
P = (1= A8) " (w0 (W) 2 (W),
and 77[”, l=1,...,L—1,isgiven by
Pl (1- Ag])‘l <Wm (W[u)T -1 (Wm)T> .

ii.) Construction of U and U-: Represent the span of all ,CWM, i=1,...,p, 1=0,...,L—1,by ¥, and
let N denote the rank of W. Then U € RE*Y s defined as a full rank matrix such that the column space of U
is equal to ¥, i.e, range {U} = U. For N < K, U+ € REX(K=N) is defined as a full rank matrix such that

UTUL+ =0 and rank{{U Ut }}:K
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Proof: With JIl = J' for [ =0,...,L — 1, the Fisher information matrix in Theorem 4.2 can be rewritten in

terms of J' as

1)< ST G RIS
b= 5 RS () A, <(Ad) ) (A1) R,
i=1 =0
G J,)T <(A§) = ) T] } cTPl 4.7 zp: LZ_I pewll (WW)T CTPiT} ,
’ =1 [=0

where 731[” 5 1=0,...,L -1, is the unique solution to the following Lyapunov equation

T T
APl (Af) Pl = = () (8 + ) @

() (Wi ) (w04 ) (A1) ")

and P%{]J,, [=0,...,L—1,isgiven by

P, = (1 - (AD) J/) (1-AD) - <WW (WW)T + (1) (WW)T) .

( )7

Let
1

,0]

(A7) Wl l, ((A[”)
> }CTPT

1 p L-1 T
Iy(6) = — (PJ/ +73° 3 pewll (WW) crpr > .

i=1 (=0

[1,0] +11,0]

g, (o)’

) - )

I
o

(4f

Then

By Theorem 4.3, 1,;,(#) is nonsingular for al J’ > Jy, which in turn implies that 7,/ (6) is positive definite
as the Fisher information matrix is always positive semidefinite. In the remainder of the proof, we assume

J' > Jy. When J' — oo, the limit of P exists and is given by

P:= lim Py

J'—00

41,01 oo\ T 41,01 T o\ T
) o () ) - T ot -y (1)) |
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where le = limJ/HOOPE]L,, and Pg] = limJ/HOOPQ[{]J,, | = 0,...,L — 1. By Corollary 2.1 with

J/
hmt[z]_)(X) Ql_l(t[l]) = 0, hmt[”—wo Xg(tm) = —W[l_l] for [ = 1,. . .,L — 1. Usmg hmjlﬂoo (.A([il]) =0,
l=0,...,L—1, with (28), 73{0] is the unique solution to the following Lyapunov equation

Ag)]P{O} (A5)1>T - 731[0] = - (W[O} + Xo) (W[O] + X0>Ta
and P{”, l=1,...,L—1, isthe unique solution to the following Lyapunov equation
AP ( Ag])T Pl = - (Wil - i) (Wi - W[H])T,
Similarly,
P = (1AM (W[O] (W) + % (W[Ol)T> ,
and
Pl — (I . AZ])*1 <WV1 (W“l)T — oyl (W[”)T> L l=1,...,L—1.

For J' — oo, dthough 1;/(#) tends to infinity, the inverse of 1;/(0) till converges, as will be shown in the

following. Using a singular value decomposition, ™%, S™F .t pewll] (W[”)TCTPiT can be expressed as

p L-—1
S rewt (W) e"pr = [ v, vt |
=1 =0

0

o | U, UHT, (29)

where ¥ € RV*N is diagonal with positive diagonal entries, U, € RE*N UL ¢ REX(K=N) and [ U, UL ]

S] U, Uf ]T)l

-2l vt || w USJ-}TPJf[US Uj}+J’!i

is orthogonal. By substitution,

I;0) = o (72,/+J/[ U, UH

) Lo

o]

s

= o’ | U, U
[ ° } oH P, (USH)TPLUE

Consider first the case when N = K, i.e, Us has arank of K and USL diminishes in (29). In this case, the

_ —1
UTP, U, +J'Y  UTP,LU- ] |

asymptotic CRLB is given by

J'—o00 /—00

var(d) > lim I;'(0) = 02U, [ lim (U PJ,US+J’E)1] ur

= o%U, [ lim i} Ul

1 -1
Jim | lim <—U8T7>J/Us+2>

J'—oo \ J’

=0,
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since lim /oo (5;UL Py Us) = 0 and X is of full rank.
Next, consider the case when N < K. Let Z, := UI Py U, +J'S, Zy := ULPL UL, Z3:= (UL PrUL,
and A := Z3 — 71771 Zy (A is called the Schur complement of Z;). That I (6) is positive definite implies
Z

zI 7
the formula of the inverse of block matrices [23],

is also positive definite. Then Z; and A are positive definite (see Theorem 7.7.6 in [25]). Using

Urpp,u,+J%  UI'PU-
(U PoU. (UH) PrUL

-1
ZN v 27 AT 2T 77 27 2 A
~A"tzT 7! A1

For J' — oo, limyoo Z7' = limy o (ULPs U +J’Z)_1 = limy o (USTPUS+J’Z)_1 = 0. Since
I7:(9) is positive definite, for any nonzero vector b € RK—N)x1

T 1 T 1 2T 1 T 1

b (Us ) PrULb = o2 (Us ) 1;(0)ULb > 0,

which shows that lim ., A = lim o, (U)T PyUL = (UF)T PUL is positive definite. Therefore,

UrppU,+J'%  UI'P, UL
oH ' PrUs,  (UH) PLUE

) 71_ 0 0
I o (wHTeud) ]

The asymptotic CRLB is then given in terms of U, as

var(d) > lim 1540) = o* [ U, U} |

J'—o00

[0 v ]

S

0
o (wHput)”

= Ut ((Ui)TPU,})_I (Uj)T
Finally, we show that U7~ ((U7)" PU) TwhHT = vt ()" put) U7, As range {UL) =

range {U;- }, there exists a nonsingular matrix V € RUE-M*(E=N) gych that U;- = UL V. It follows that
T -1 T T -1 T
Ut <(Uj) PUj) (Uj) = Uty <(U¢V) PUW) (ULV)

= Ut ((UL)T PUL> B (UL>T. O

In the next section we illustrate the theoretical results presented in the previous sections using an example
from surface plasmon resonance experiments for the determination of the kinetic parameters of protein-protein

interactions.
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V. EXAMPLE

Surface plasmon resonance (SPR) (see, e.g. [26], [27]) occurs under certain conditions from a conducting
film at the interface between two media of different refractive index. Biosensors such as instruments by the
BlAcore company offer a technique for monitoring protein-protein interactions in real time using an optical
detection principle based on SPR. In the experiments one of the proteins (ligand) is coupled to a sensor chip
and the second protein (analyte) is flowed across the surface coupled ligand using a micro-fluidic device. SPR
response reflects a change in mass concentration at the detector surface as molecules bind or dissociate from
the sensor chip. It can be used to estimate the kinetic constants of protein-protein interactions.

In this example we use the theoretical results presented in the previous sections to analyze the SPR

experiments for one-to-one protein-protein interactions that can be modeled by the differential equation
R(t) = ko (Rmaz — R(t)) Co(t) — kqR(t), t >t R@) =0, (30)

where R(t) is the measured SPR response in resonance units (RU), k, and k, are the kinetic association and
dissociation constants of the interaction respectively, R,,.. IS the maximum analyte binding capacity in RU,
Co(t) is the concentration value of the analyte in the flow cell which can be controlled in the experiments, and
the initial SPR response is assumed to be zero.

Let z9(t) := R(t), u(t) := Co(t), ya(t) := R(t), t >t and zo := R(t’)) = 0, (30) becomes the following
bilinear system ® = {A, B, C, Fi}

wg(t) = Azg(t) + Fru(t)zo(t) + Bul(t), (1) = a0, (31)
yo(t) = Cap(t), t >t (32)

where A = —kq, B = kqRpmaz, C =1, F1 = —k,. The unknown parameter vector to be estimated in the
experiments is § = [ ko ki Rmaz !

A practical SPR experiment may consist of an association phase (t[°) < ¢ < ¢[!l) and a dissociation phase
(¢t < ¢ < t22]), or one of these two phases. During the association phase analyte is flowed across the ligand on
the sensor chip with constant concentration Cyy up to time t['), i.e., Cy(t) = Cp, tl% < ¢ < ¢t[!). The dissociation
phase immediately follows the association phase and is characterized by analyte free buffer being flowed across
the sensor chip, i.e., Co(t) = 0, tl!) < ¢t < . Hence, a two-phase SPR experiment can be modeled by the

bilinear system ® = {A, B, C, F;} with a two-phase piecewise constant input

u(t) = ulBo(t) + u B (), 10 <t <2
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where

1, forte [t ¢1), ) 1, forte [t ¢2),
ul® = Co, fho(t) = Wl =0, pu(t) =
0, fort¢ [¢l0) ¢l 0, fort¢ [t ¢2]).

Note that in the two-phase SPR experiment the output samples are obtained from y,(t) for ¢ <t < 2.

A. Derivative System

The first step is the calculation of the derivative system by Theorem 2.1. We represent the derivative system
of ®={A, B, C, Fi} by ® ={A, B, C, F.} where A, B, C, F, are given as follows.
A= diag {8114, 8214, 83A} where

—k 0 — 0 —k 0
A= ¢ . pA— ¢ A= ¢ .
0 —kg -1 —ky 0 —kyg
01B
B:=| 0,B | where
03B
kaRmaa: a max aRmaac
Rmax 0 ka
C .= diag {8101, 8201, 8301} where
31012[0 1},82012[0 1},33012[0 1]
F1 = diag {61F, 0o F), 63F} where
-k, O —ks O —kqy O
81F1 = R 62F1 = s 83F1 = .
-1 =k, 0 —k, 0 —k,

Since the initial state xq of ® is equal to zero, the initia state vector X, of &' is also equa to zero, i.e.
T
Xo=|0 00000 } .

B. Local Identifiability

Before computing the CRLB, we first verify whether 6 islocally identifiable by the set of admissible inputs or
the set of piecewise constant inputs, and then discuss its local identifiability for a specific two-phase piecewise

constant input.
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Case 1: The set of admissible or piecewise constant inputs: In this case we make the practically impossible
assumption that an input of the bilinear system model ® can be freely selected from the set of admissible inputs
V (or piecewise constant inputs U) and we can repeat the experiment for another input from the same set and

measure the corresponding output samples for each experiment conducted. Simple calculations give

0 Rmaz —kalmaz —2kaRimaa
ank{[ picay peol |p=rank{ |0 0 —kRpwe 0 —3

0 ko  —kokq — k2
for positive k,, kg and R4, Which holds for practicall SPR experiments. Note that P, = I3 asp = 1 and
K = 3. Since the size of 6 is 3, by Theorem 3.2 there exists a finite output data set generated by the bilinear
system model with some admissible inputs (or piecewise constant inputs) such that 6§ is locally identifiable.

Case 2: A specific two-phase piecewise constant input with uniform sampling: We next exploit Theorem 4.1

to find out whether the same parameter vector 6 is locally identifiable for a specific two-phase piecewise
constant input with uniform sampling. In the remaining part of the example, we assume that the output samples
in the association and dissociation phases are acquired with the sampling intervals T; and T respectively, and

tl001 = ¢[1.0] = 0. By simple calculations, we obtain

_ CokqRimay a0Co Rrmax (To O3k +ToCokaka—ka)
(Coko+kq)? (Coka+tka)?
0] — Coka Ry 0] (yplo] = | oCokaRmac(ToCokatTokat1)
PcwW Cobatha)? ’ PlC'Ad (W + Xo) (Coka+ka)?
B Cok, _ agCok,
Cokatha Clofatha

PICAG W + (el =

aj CQR,HHI [(t[ll 7t[0])agc§ki+(t[l] 7t[0] )CL&C(]]C,J kdfaé)derkd]
(Cokatka)?
ai CU k{JRTnG’I‘ [(t[l] —t[O] )(1600 ka—‘r(t[l] —t[o] )G,() kd +T1 CLZ)CO ka +T1 CL:) kd —T1 C() ka —T1 kd +a6 — 1]
(Cokatka)?
a1Cokq(1—ay)
Coka+ka

Where ap = e*(Coka+kd)Tol ay = e*k‘dTl and a/O — e*(Cok)aJrkd)(t[l]ft[O]). It |S eaw to Vel’lfy that
rank { P,CO’'} = rank { [ pewll Pchg)] W + &) P1C«4£ll] W (1)) ]} =3.

Thus, by Theorem 4.1, 6 is locally identifiable by a two-phase experiment with uniform sampling.
We next consider the nonsingularity criterion in Theorem 4.3 for the asymptotic situation where an infinite

number of data set points are available. Of the necessary expressions al have already been established with
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the exception of

alc()deWLaw
(Cokatka)?
[1] [1] — [0] — alookaRvnam(TICOku+TIkd+1)
PcAY v —wlly — | el
a1Cok,
Coka+ka

Hence,
rank {Plc(’)”} = rank {[ pcwll Pchgﬂ(W[O] + Ap) Pchg](W[” — wloh }} = 3.

It then follows from Theorem 4.3 that ¢ is aso locally identifiable for sufficiently large J1° and JU. Thisiis
of course an obvious result since local identifiability in the finite data case implies local identifiability in the

infinite data case.

C. CRLB and Asymptotic CRLB

Since 6 is locally identifiable by the finite data set uniformly sampled from the output of a two-phase SPR
experimental model, the next step is to apply Theorem 4.2 and Theorem 4.4 to numerically calculate the
associated CRLB and asymptotic CRLB. Here we use simulated data so that we could conveniently select
various experimental settings. For comparison, typical numerical values from [28] are assigned to the unknown

parameters, i.e.,
ko = 1478 M~ 's7, ky=45%x 1073 s7!, Ry = 7.75 RU.

The sampling intervals are chosen as Ty = 17 = 1 s, and the noise variance is assumed to be o2 = 1. Fig. 1
plots the CRLB in terms of the standard deviations of k,, k4 and R,,.. as functions of Cy and the number of
data samples. Obviousdly, it shows that increasing the number of samples improves the accuracy of estimation.
As can be seen from the figure, when the number of samples is sufficiently large, e.g. JI% = J = 1000, the
CRLB approaches the asymptotic CRLB, which is the lowest possible CRLB, given fixed sampling intervals.
The plot also reveals that the concentration value Cy has an influence on the accuracy of parameter estimation.
From Fig. 1(a), the optimal values of Cy corresponding to the lowest variances of &, for different number of
data samples lie between 1.0 x 10> M and 2.0 x 10~ M, and for C greater than the optimal values the
variance increases slowly with Cy. On the other hand, the variances of k; and R, decrease with the increase
of Cp, but remain almost constant when Cy is greater than 2.0 x 10~° M. Therefore, a good choice of Cj for

practical two-phase SPR experiments would be around the value of 2.0 x 107° M .
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Fig. 1. The CRLB for simulated two-phase one-to-one SPR experimental data with 7o = 71 = 1 s and ¢ = 1. (a), (b) and (c) plot

the standard deviations of the estimates of k., ks and R..... respectively for different concentration values and different numbers of
samples acquired in the association and dissociation phases.

D. Analytical Solution of Asymptotic CRLB

For the two-phase SPR experimental model with identical uniform sampling interval 7" for both the association
and the dissociation phases, i.e, Tp = 11 = T, it isin fact possible to give an explicit expression for the
asymptotic CRLB for the unknown parameters &, k; and R,,... The following results are obtained by applying

Theorem 4.4 with some algebraic manipulations. The detailed derivations are omitted here but can be found in
[29].

k>
\_/
\%

var(kq [ lim I, (9)] .

J'—o00

3 3 2
0% (—afal — ajal + 6agal — a§a? — alal — 6ada? + af + at + ad + a?) (Coka + kq)

T2a3(a + 1)a3(a? + 1)CGk2R?

max

Var(fcd) > [ lim I},I(Q)] _ o” (Coka + kd)2 (1- a1)3 (a1 + 1)3

J'—o00 29 T2a1 (al + 1)02k2R72naa:
var(Rnaz) > [ lim [;,1<e)]
J'—o00 33
o2
= atal + 3atat — a2ab — 3ata? + 3alat — 3aa? + a}
T2a0(a0—|—1)a%(a1+1)04/~c4 [( 041 041 — Qa1 — 9Gpa7 041 — 9Agay 0
+ag) Cgkg + ( Oal + 6@0@1 2@0@1 6a0a1 + 6a0a1 6a0a1 + 2@0 + 2@0) C[)k kd
+ (—agai1 agal + 6agai — aSa? — ada$ — 6aka? + ap 4+ ak + ai + al) k:d]
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E. One-phase SPR Experiment with Uniform Sampling

Finally, we show that the same parameter vector 6 is not locally identifiable if only a one-phase piecewise

constant input u(t) = ul%gy(t), % <t < ¢}, is applied to the bilinear system in the above example, i.e.

the experiment consists of only an association phase. Note that in this one-phase SPR experiment the output

samples are obtained from yy(t) for tl0 <t < ¢,

Based on the results in Case 2 of Subsection V-B, it is easy to check that

rank { P,CO’} = rank {[ P cwlo] P1CA£?}(W[O] +Xy) ... PC (Ap)S Wl + Ap) ]}

=2<3.

By Theorem 4.1, 6 is not locally identifiable in this case. Similarly, it is easy to show that ¢ is not locally

identifiable in the asymptotic case either.
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